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A function that assigns a value to every subset
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A function that assigns a value to every subset

f({#=, 1x})=20




Set function maximization 3/ 22

Finding a subset maximizing the objective value
Maximize f(X f:2N - R set function
subjectto X €T N is the ground set
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Local search 4/ 22

Algorithmic framework for set function max.

initial solution

£({oe, B, Q) =107 r({@, B, Q})-20

'd

output

f({@c B, B)) 20" 1({w, B, B))—c0

n When do local search algorithms work well?
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We propose a property called /ocalizability

0 If the objective function satisfies localizability,

local search is guaranteed to work well

e The objective function of sparse optimization

satisfies localizability

e Local search for sparse optimization can be

accelerated



Warmup: Cardinality constraints 6/ 22

Finding a subset of size at most s

Maximize f(X)

subjectto |X|<s
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Warmup: Cardinality constraints 6/ 22

Finding a subset of size at most s

Maximize f(X) Assume f is monotone

i.e.AC B = f(A) <f(B)

subjectto [X|<s

An algorithm is a-approximation (a € [0, 1])
A
= fX)zaf(xX*),

where X is the output and X* is an optimal




Local search: Cardinality constraints -,

Let X be any maximal feasible solution

Fori=1,---,T:
Foreachae N\ X, be X, compute f(X\ {b} U {a})
Update X with the best exchange

current solution
Find the best

f({** #, @})=30  exchange
{ \ at each step

next solution

f({® B QA)=35 - ([ %})=-40



Localizability (simple version) 8/ 22

current solution X

(oo, @)) - 10—

optimal solution X*

» ({0 ®, B})=70

decompose the difference

v v v
remove 2@ remove $ remove a
add add - add 9

fis (a, B)-localizable

A
< sum of local improvement > o f(X*)—( f(X)




Approx. guarantee: Cardinality constr. ¢, 5,

If the objective function is (a, B)-localizable,

o BT
our local search algo. is E (1 — exp (——))-approx.
S

T: #iterations, s: maximum solution size




Approx. guarantee: Cardinality constr. ¢, 5,

If the objective function is (a, B)-localizable,

o BT
our local search algo. is E (1 — exp (——))-approx.
S

T: #iterations, s: maximum solution size

Guarantees for well-known classes
(a, B) approx. guarantee
linear (1,1) (1 —exp(—T/s))
submodular (1,2)  2(1—exp(—T/s))




General settings: Structured constr. ;>

Maximize f(X) 7 € 2N represents

a family of feasible subsets

subjectto Xe7Z

Various classes of constraints

p-exchange Z p-matroid
systems 3 intersection
Ul
O matroid
Y%
cardinality

IT={XCN||X|<s}



Matroids 11/ 22

N finiteset, ZC 2N st. @eZandACBeI=>A€l
M= (N, Z)is a matroid

$ derf

VA, BeZ, |A|<|B|=3ieB\A Au{i} €T

e.g.) partition matroid

OLK: @)
a () o
"D W6

independent dependent
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N finiteset, ZC 2Nst. @e€ZandACBeZI > A€
M = (N, I)is a matroid

$ derf

VA, BeZ, |A|<|B|=3ieB\A Au{i} €T

(N, T) is a p-matroid intersection

‘ def

(N, Z4), -+, (N, Ip) matroids s.t. Z = ﬂﬁ; Ip



p-Exchange systems 12/ 22

N finiteset, ZC2VNst. @€ ZandACBeI=>AeT

(N, Z)is a p-exchange system

‘ def

VA BeZl
3¢: B\A— 2A\B s t.

® Forall B € B\ A (A\ (Uyepr 9(v)))UB €T
® [p(v)|<p(VveB\A)
® Each v/ € A\ B appears at most p sets of (¢(v))ves\a



p-Exchange systems 12/ 22

N finiteset, ZC2VNst. @€ ZandACBeI=>AeT

(N, Z)is a p-exchange system

e.g.) b-matching

2-matching not 2-matching

I={XCE|VveV, deg,(X)< b} isa2-exchange sys.



Localizability (general version) 13/ 22

current solution X optimal solution X *

(2 BQ T w9

¢ v ¢
) ) n(@ )

each of X* \ X appears k times

P a multiset of 2N s.t.
each of X \ X* appears £ times

fis (a, B1, B2)-localizable
A
S D {fXAP)—F(X)} = ak f(X*)— (B1L + B2k) f(X)

PeP




Approximation guarantees 14/ 22

If the objective function is (a, B1, 82)-localizable

the local search algorithm is

4 ('I—ex (—M))-a roximation
B1+ B2 ’ s PP

RV 3 the local search algo. with paramter
(1 _ exp((ﬁ1(p—1+1/q)+ﬁz)T))

S

Bi(p—1+1/q) + B2

q is a parameter of the algorithms you can choose
(you must check n®(@ solutions at each step)

QI

Q€ Z>pis -approx.
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Finding a sparse solution for continuous opt.

Maximizewern U(W)

subject to supp(w) € Z

® u:R" >R continuous function with u(0) >0
® N2 {1, n}

® supp(w) 2 {ieN|w;#0} indices of non-zeros
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Finding a sparse solution for continuous opt.

Maximizewern U(W)

subject to supp(w) € Z Structured constraints

® u:R" >R continuous function with u(0) >0
® N2 {1, n}

® supp(w) 2 {ieN|w;#0} indices of non-zeros



Feature selection with matroid constraints

Selecting one feature from each category

y| = A w| + |€

DS UAwad)

lly — Aw|)2
llyl2

>

Maximize ug2(w)

subjectto supp(w) €T



Structure learning of graphical models;, -,

Estimate supp(w) of a sparse Ising model

p(x|w) o< exp (Z(U,V)EE WurXuXv + 2yey WuXU)

from data {x',---, X"} ~ p(x|w)

X2 X2
D ORI S ' X3 X1
2 i2.2% 7 Estimate \ /
LTt the edge set
X4 ..... P XS fI’Om data X4 X5

A degree constraint is a special case of a 2-ES constr.



Assumptions 18/ 22

u is restricted strongly concave
& Vx,y €Q, u(y)—u(x)— (Vu(x), y—x)< —Fly — x|3

u is restricted smooth

Restricted strong concavity
constant ms on Qs = {x, y |
lIxllo <5, llyllo <5, lIx—yllo < s}

Restricted smoothness constant
Mston Qse={xy|[Ix]lo £
s, llyllo <s, lIx—yllo < t}




Sparse opt. = set function opt. 19/ 22

We can reduce sparse opt. to set function opt.

Maximizewern U(W)

subject to supp(w) € Z

A
= max  u(w)
w: supp(w)CX

‘ Define f,(X)

Maximizexcy fu(X)
subjectto Xe€Z

. M. : . . .
fuis (ﬂzi m” O) localizable with size s and exchange size t




Approxima. guarantees for sparse opt.,p, 2>

Constraint Local search Greedy
o m3, .
Cardinality MEZ,Z (1—eq(T)) 1—exp (—%) t
. m? 1

Matroids 2 (1—eq(T

Miz ( 1(T)) (1+Mns{s1 72

MIp-ES | 1 2 T N/A

p- P- p—1+1/q Mf,z ( - 62( ))

€1(T) and €,(T) are terms convergingto 0 as T — o
T [Elenberg-Khanna-Dimakis-Negahban'18]

I [Chen-Feldman-Karbasi'18]
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It takes much time to decide argmax f,(X\ {a} u {b})
aeN\X,beX

= Approximately evaluate the value of f,
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wX) e argmax u(w)
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Acceleration 21/ 22

It takes much time to decide argmax f,(X\ {a} u {b})
aeN\X,beX

= Approximately evaluate the value of f,

wX) e argmax u(w)

. . . wW: supp(w)CX
semi-oblivious N

argmaxfy(X \ {b} U {a}), where b € argmin( w®) )i
aeN\X beX
Quickly decides the element to be removed

non-oblivious

1 M.
argmax { (Vu(w®))’ — 2 (W(X))i}
aeN\x,bex (2Ms > a2
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We propose a property called /ocalizability

0 If the objective function satisfies localizability,

local search is guaranteed to work well

e The objective function of sparse optimization

satisfies localizability

e Local search for sparse optimization can be

accelerated
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