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Abstract

This paper explores equilibrium concepts for Bayesian games, which are fundamental mod-
els of games with incomplete information. We aim at three desirable properties of equilibria.
First, equilibria can be naturally realized by introducing a mediator into games. Second, an
equilibrium can be computed efficiently in a distributed fashion. Third, any equilibrium in that
class approximately maximizes social welfare, as measured by the price of anarchy, for a broad
class of games. These three properties allow players to compute an equilibrium and realize it
via a mediator, thereby settling into a stable state with approximately optimal social welfare.
Our main result is the existence of an equilibrium concept that satisfies these three properties.

Toward this goal, we characterize various (non-equivalent) extensions of correlated equilibria,
collectively known as Bayes correlated equilibria. In particular, we focus on communication
equilibria (also known as coordination mechanisms), which can be realized by a mediator who
gathers each player’s private information and then sends correlated recommendations to the
players. We show that if each player minimizes a variant of regret called untruthful swap regret
in repeated play of Bayesian games, the empirical distribution of these dynamics converges to a
communication equilibrium. We present an efficient algorithm for minimizing untruthful swap
regret with a sublinear upper bound, which we prove to be tight up to a multiplicative constant.
As a result, by simulating the dynamics with our algorithm, we can efficiently compute an
approximate communication equilibrium. Furthermore, we extend existing lower bounds on the
price of anarchy based on the smoothness arguments from Bayes Nash equilibria to equilibria
obtained by the proposed dynamics.

The latest version is available at larXiv:2304.05005.
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1 Introduction

In this paper, we study equilibrium concepts for Bayesian games,ﬂ in which players do not share
complete information about the game. Since introduced by Harsanyi [1967, [1968alb|, Bayesian
games have been studied as one of the most significant models in game theory.

The best-known equilibrium concept for Bayesian games must be a Bayes Nash equilibrium,
which is a natural generalization of a (mixed) Nash equilibrium in games with complete information.
However, this equilibrium concept has a crucial issue concerning efficient computability. Even for
a special case with complete information, computing an approximate Nash equilibrium is PPAD-
complete [Daskalakis et al., 2009} |Chen et al. [2009] and requires exponentially many queries in the
number of players [Babichenko, 2016|. Even for two-player Bayesian games with a constant number
of actions, computing an approximate Bayes Nash equilibrium is PPAD-complete [Rubinstein) 2018].
This is why players cannot be expected to reach a Bayes Nash equilibrium in practical situations.

A possible remedy for this issue is to introduce a mediator to the game. For games with complete
information, if a mediator can recommend (possibly correlated) actions to players, a broader class of
equilibria called correlated equilibria is a natural equilibrium concept [Aumann, 1974]. Correlated
equilibria allow players’ actions to be correlated via the mediator’s recommendation, while their
actions must be independently decided in a Nash equilibrium. An example of correlated equilibria
in our society is realized by traffic signals, which randomly recommend cars in one direction to
“proceed” and cars in the other direction to “stop.” As we can see from this example, players can
coordinate and achieve a better outcome in a correlated equilibrium.

In contrast to Nash equilibria, correlated equilibria can be efficiently computed even for multi-
player non-zero-sum games. A standard approach to computing a correlated equilibrium is to
simulate a variant of no-regret dynamics, in which players repeat the same game many times and
independently decide their own action in each round. If each player decides their action according
to an algorithm that exhibits no internal regret [Foster and Vohray, [1997, Hart and Mas-Colell, [2000]
or swap regret |Blum and Mansour} 2007|, the dynamics are known to converge to a correlated
equilibriumﬂ An advantage of this approach is that the dynamics are uncoupled, that is, they
can be simulated by independent players in a distributed fashion. Furthermore, the existence of
such dynamics can explain why people automatically reach an equilibrium in our society. No-
regret dynamics in Bayesian games are known to converge to a Bayes coarse correlated equilibriumﬂ
[Hartline et al., 2015]. However, this equilibrium concept is usually unnatural because it is assumed
that once observing the recommendation by the mediator, each player must follow it, even if it is
more beneficial to deviate. The convergence of a variant of no-regret dynamics to more natural
equilibrium concepts is still unknown.

In addition to efficient computability, another desirable property of equilibrium concepts is that
any equilibrium in that class approximately maximizes social welfare. As the famous example of the
prisoners’ dilemma illustrates, players can fall into a bad equilibrium by trying to maximize their own

1Some existing studies do not distinguish “games with incomplete information” and “Bayesian games.” In this
paper, we always assume that players share a common prior distribution that generates a type profile. To put
emphasis on this assumption, we use the term “Bayesian games” throughout this paper.

ZFormally, the empirical distribution of action profiles in all past rounds converges to a correlated equilibrium. In
this paper, we say “dynamics converge” in this sense.

3Formally, Bayes coarse correlated equilibria have various (non-equivalent) definitions. The dynamics proposed
by [Hartline et al.| [2015] converge to an agent-normal-form coarse correlated equilibrium. See Section @ for formal
definitions of Bayes coarse correlated equilibria.
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Figure 1: Relations among classes of Bayes correlated equilibria. Formally, SFCEs and ANFCEs
in this figure are their counterparts in the space of type-wise distributions (see Section and
Section . The shaded region represents communication equilibria with strategy representability
(equivalently, the intersection of communication equilibria and ANFCEs). This equilibrium concept
can be realized by a mediator acting as a communication device, efficiently computable via dynam-
ics minimizing untruthful swap regret, and guaranteed to have price-of-anarchy lower bounds for
(conditionally) smooth games.

payoffs. To measure how bad equilibria could be, [Koutsoupias and Papadimitriou| [1999] proposed
the price of anarchy (POA), which is defined as the ratio of the social welfare in the worst equilibrium
to the maximum social welfare. An argument using smoothness is a versatile framework for bounding
the POA for a broad class of games. For games with complete information, [Roughgarden| [2015al
proved that smoothness of games implies a lower bound on the POA of correlated equilibriaﬁ
and various classes of games satisfy smoothness. |Syrgkanis and Tardos [2013| later developed a
variant of smoothness for mechanism design and provided lower bounds on the POA of correlated
equilibria for a large class of mechanisms. For Bayesian games, Roughgarden| [2015b| and Syrgkanis
[2012] derived bounds on the POA of Bayes Nash equilibria by using the smoothness arguments,
but it remains to be seen whether these bounds can be extended to a broader class of equilibria.
There are several exceptions that considered Bayes coarse correlated equilibria [Caragiannis et al.,
2015, Hartline et all 2015], but their applications are limited (see Section for more detailed
discussions).

If there exists an equilibrium concept that satisfies these desirable properties, we can compute
an equilibrium efficiently in a distributed fashion and then realize it by introducing a mediator,
which enables players to settle into an equilibrium with high social welfare. Thus, the following
question regarding Bayesian games naturally arises.

Is there any equilibrium concept for Bayesian games that can be realized by a mediator, efficiently
computable via uncoupled dynamics, and guaranteed to have POA bounds for various games?

To answer this question, we investigate the concept of communication equilibria, which can be
realized by introducing a mediator to Bayesian games |Myerson, (1982, [Forges, |1986]. In Bayesian
games, each player has private information represented by a type generated from a commonly known
prior distribution. To deal with this private information, a mediator in a communication equilib-
rium communicates with players bidirectionally. A mediator first gathers the types from players

“More precisely, [Roughgarden| [2015a] proved this result for a broader class of equilibria called coarse correlated
equilibria. However, this equilibrium concept is unnatural in many situations, as is the concept of Bayes coarse
correlated equilibria.



and then sends recommendations to each player based on the received types. This is an equilibrium
in the sense that players have no incentive to deviate from reporting the type truthfully or following
the action recommendation. Note that Myerson| [1982] originally called communication equilib-
ria coordination mechanisms with an emphasis on their relations to Bayesian incentive-compatible
mechanisms. Although these two concepts are similar in that truthful type reporting is incentive-
compatible, a mediator in communication equilibria is required to recommend incentive-compatible
actions to players, while a mechanism determines an outcome in a top-down fashion. A commu-
nication equilibrium can be interpreted as a solution concept combining truthful type reporting
of Bayesian incentive-compatible mechanisms and action recommendations of correlated equilibria.
These two incentive constraints complicate the structure of this concept and make its computation
challenging.

Our central result is an efficient algorithm for computing a communication equilibrium. To
derive this algorithm, we first show that if each player minimizes a variant of regret, which we call
untruthful swap regret, the dynamics converge to a communication equilibrium. We then develop
an efficient algorithm for minimizing untruthful swap regret with a sublinear upper bound. We also
prove a lower bound that shows the tightness of the upper bound. As a byproduct, we characterize
various extensions of correlated equilibria, collectively called Bayes correlated equilibria [Forges,
1993} [2014] (Figure [1)). This reveals an additional property called strategy representability, which
other extensions have but communication equilibria lack. The limit of dynamics minimizing un-
truthful swap regret also satisfies strategy representability. Furthermore, we show that most existing
POA bounds of Bayes Nash equilibria based on the smoothness arguments can be directly extended
to communication equilibria with strategy representability. Thus, the concept of communication
equilibria with strategy representability satisfies the desirable properties.

1.1 Preliminaries

Basic notations The sets of reals and integers are denoted by R and Z, respectively. For any
a,b € R, we define [a,b] = {z € R | a < z < b}. For any positive integer n € Z, we define
n] ={ieZ|1<i<n}=1{12...,n} For any finite set A, we denote the probability
simplex by A(A) = {r € [0,1]* | > ,c47m(a) = 1}. For any distribution 7 € A(A), we write
a ~ m when a € A is generated from the distribution 7. By abuse of notation, we write a ~ A
when a is generated from the uniform distribution over A. To specify a random variable that a
probability or an expected value is concerned with, we write Pryr (+) or Eqr [-]. If the distribution
is obvious, we simply write Pr, () or E, [-]. For vectors z,y € R"™, the inner product is written as
(x,y) =Y i, z(i)y(¢). Similarly, for matrices P, @ € R™™ ™, the matrix inner product is written as

<Pa Q> = Z?:l Z;nzl P(Zvj)Q(Zvj)

Bayesian games Let n € Z be the number of players and N = [n] a set of players. Let A; be a
finite set of actions for player i € N and A = Ay x --- x A, the set of action profiles of all players.
Let ©; be a set of finite possible types for each player i € N and ©® = ©1 x --- x ©,, the set of
type profiles of all players. Let v;: © x A — [0, 1] be a utility function that maps a type profile
and action profile to a payoff value for player 2E| Since the size of © and A is exponential in n, we

5If each player’s type represents their own preference, it is more natural to assume that their payoff depends only
on their own type, not the other players’ types. In this case, the utility function is defined to be v;: ©; x A — [0,1]
whose value is determined by their own type 0;, not by the other player’s types 6_;. We make this assumption to
obtain POA bounds in Section



assume that each v; is given by an oracle that returns the value of v;(;a) for any € © and a € A.
For each player i € N, subscript —i represents the other players N\ {i}, i.e., a—; = (a;);en\ (i} and
0—i = (0;)jen\{i}-

In this paper, we distinguish between the two words “strategies” and “actions.” While actions
are defined as above, strategies are decisions that determine an action for every type. Formally, a
strategy s;: ©; — A; of player i € N determines action s;(6;) € A; to be selected given their own
type 6; € ©;. For cach player i € N, let S; = A;%% be the set of all strategies. We write a strategy
profile as s = (s1,...,8y), and let S = S7 x--- x S, be the set of all strategy profiles. For notational
simplicity, we write s(0) = (s;(0;))jen and s_;(0—;) = (5;(0;))jen\ (i} for each s € 5, 6 € ©, and
1€ N.

In Bayesian games, we assume that the type profile is generated from the probability distribution
p € A(©) that every player knows in advance. Since the size of © is exponential in n in general, the
distribution p cannot be expressed in polynomial size. In most parts of this paper, we assume that
it is possible to efficiently sample 6; from the marginal distribution of p, which is denoted by p;, and
0_; from the distribution p conditioned on any 6; € ©;, which is denoted by p|6;. This assumption
holds for a special case where p is a product distribution, i.e., p(8) = [[;cn pi(6s) holds for each
0 € ©. For POA bounds in Section [5] we assume that p is a product distribution.

A Bayesian game proceeds in the following steps: (1) First, a type profile 6 is generated from
p € A(©), and each player ¢ € N is notified of their own type 0; € ©;. (2) Each player then decides
their action a; € A; without knowing the other players’ types 6_;. (3) Finally, each player obtains
the payoff v;(0; a) depending on all players’ actions and types.

There are two widely-used interpretations of Bayesian games: the strategic form (also called the
random-vector model or the normal form) and the agent normal form (also called the posterior-
lottery model, the Selten model, or the population interpretation). Both interpretations reduce a
Bayesian game to a normal-form game with complete information as follows.

e In the strategic form of a Bayesian game, the strategies S; are considered as a decision space
for player i« € N. Each player i € N obtains the expected payoff Y, o p(0)vi(6;s(0)) for
strategy profile s € S.

e In the agent normal form, we hypothetically consider the same player with different types as
different players, that is, the set of players are {(i,6;) | ¢ € N, 6; € ©;}, which we denote
by N’. Each player (i,6;) € N’ selects an action from A;. A type profile § € © is randomly
generated from p, and then only one player (i,6;) becomes active for each i € N. Only the
active players can obtain non-zero payoffs, which are determined only by the active players’
actions. The inactive players always obtain payoff 0 and do not affect the other players’
payoffs. If we denote player (i,6;)’s action by a;g,, the expected payoff for player (i,6;) is
Yorco: g, PO)0i(0; (aj0:)jen)-

Correlated equilibria A normal-form game with complete information is specified by players
N ={1,2,...,n}, action profiles A =[],y 4;, and a utility function v;: A — [0, 1] for each player
i € N. In this game, a distribution m € A(A) is an e-approximate correlated equilibrium if

E [vi(a)] > E [vi(¢(ai),a—i)] — €.

an~T anT
holds for any ¢ € N and ¢: A; — A;, where € € [0,1] represents an additive error. In an e-
approximate correlated equilibrium, each player has gain at most € in expectation by taking an



Table 1: A comparison of the classes of Bayes correlated equilibria (or their counterparts in A(A4)®).
SR stands for “strategy representability” defined in Section [2.1

Class Characterization
Strategic-form correlated equilibria Incentive constraints w.r.t. strategies (ICsp|) & SR
Agent-normal-form correlated equilibria  Incentive constraints w.r.t. actions (ICynp) & SR
Communication equilibria Incentive constraints w.r.t. types and actions (ICcom))
Bayesian solutions Incentive constraints w.r.t. actions ([C)npl)

action ¢(a;) € A; instead of the recommended action a; € A4;.

Suppose that the same players play this game T times and decide a randomized action in each
round. Let ! € A(A;) be the decision by each player ¢ € N for each round ¢ € [T]. Then the payoff
obtained by each player i € N in each round ¢ € [T] is Eqrt [vi(a)], where m* € A(A) is the product
distribution that independently generates a; ~ 7r§- for each j € N. This payoff can be expressed
as g mrt [ul(a;)] if we set uf(a;) = Eq_;~nxt , [vi(a)] for each action a; € A;, where . € A(A)
is the product distribution that independently generates a; ~ 7r§. for each j € N\ {i}. Thus, the
online decision-making problem that each player ¢ € N faces can be regarded as an online learning
problem with decision space A; and rewards (uf)thl For this problem, swap regret is defined as

T

RS,i:¢maX Z E [@W’(%))} —Z E [Ug(ai)]-

F A A =1 a;~mh =1 a;~mh

This quantity expresses regret for how much the player would have gained by playing ¢(a;) in-
stead of each a; € A;. Blum and Mansour| [2007| proved that if each player minimizes their swap
regret, the empirical distribution of the dynamics for 7" rounds is a (max;en Rs;/T)-approximate
correlated equilibrium. [Blum and Mansour| [2007| also proposed an efficient algorithm that achieves

O(\/T|Ai|log|A;|) swap regret.

1.2 Overview of our results

Bayes correlated equilibria and no-regret dynamics Our first goal is to define untruthful
swap regret and prove that dynamics minimizing it converge to a communication equilibrium with
strategy representability. In the process leading to this, we define approximate versions of Bayes
correlated equilibria and consider extensions of no-swap-regret dynamics.

To discuss the convergence of dynamics, we need to characterize each class as a set of distri-
butions (Table . For this purpose, we first clarify the difference between A(S) and A(A)® by
considering two corresponding scenarios. In the first scenario, a mediator generates s ~ o € A(S)
without observing type profile § ~ p, and then each player i € N takes action s;(6;). In the second
scenario, a mediator generates a ~ m(#) € A(A) based on type profile # € ©. Thus, given a type
profile distribution p € A(©), both distributions o € A(S) and 7 € A(A)® determine a distribution
over action profiles A for each § € ©. However, not all distributions obtained from A(A)® can be
realized by A(S). There exists a simple example 7 € A(A)® that cannot be represented by any
distribution o € A(S) (see Theorem[2.2]and Figure[3)). Strategic-form correlated equilibria (SFCEs)
and agent-normal-form correlated equilibria (ANFCEs) are defined as a subset of A(S), while com-
munication equilibria and Bayesian solutions are defined as a subset of A(A)®. To compare these



classes, we consider the set of distributions in A(A)® that can be realized by SFCEs or ANFCEs,
and we call 1 € A(A)® strategy-representable if there exists some o € A(S) that yields the same
distribution over action profiles for each § € © (Theorem [2.1)).

SFCEs and ANFCEs are defined as correlated equilibria of the strategic form and agent normal
form, respectively. Their incentive constraints are natural extensions of those for correlated equi-
libria. In an SFCE, each player i € N cannot gain by selecting strategy ¢sg(s;) € S; instead of the
recommended strategy s; € S; according to any ¢sr: S; — S;, while in an ANFCE, by selecting
action ¢(6;,a;) € A; instead of the recommended action a; € A; when the type is ; € ©; according
to any ¢: ©; x A; — A;. No-swap-regret dynamics converging to a correlated equilibrium can be
directly extended to these classes. Note that this naive extension does not immediately imply effi-
cient computability of an SFCE because it requires swap regret minimization with decision space
Si, whose size is exponential in |©;|. See Section [2.3|for SFCEs and Section for ANFCEs.

Our main focus is the notion of communication equilibria. The incentive constraints for commu-
nication equilibria are specified by two different kinds of deviations: reporting an untruthful type
¥(0;) € ©; instead of the true type ; € 0, according to ¥: ©; — 0; and taking an action instead
of the recommended action according to ¢: ©; x A; — A;. Formally, we say 7 € A(A)® is an
e-approximate communication equilibrium if the incentive constraint

E

E, E [vi(0;a)]

a~m(0)

> E
O~p

E [0i(0; ¢(0;,a:),a—;)]| —e. (ICcom)
a~m((0:),0—:)

holds for each i € N, ¢: ©; — 0;, and ¢: ©; x A; — A;. As it allows untruthful type reporting,
this constraint is stronger than that for ANFCEs. On the other hand, ANFCEs, defined on A(S),
do not include communication equilibria, defined on A(A)®.

To deal with these two kinds of deviations, we introduce a new variant of regret called untruthful
swap regret. In repeated play of Bayesian games, each player faces an online learning problem with
rewards determined by a stochastic type. In each round ¢ € [T] of this problem, each player i € N
decides a distribution 7! € A(4;)® that determines a (randomized) action for each type and receives

rewardﬁ

ut(0i,a;) = E
0_i~plb;

E - [vi(6; a)}]

a_j~mt (0_5)

depending on their realized type 6; ~ p; and action a; ~ 7! (6;), where 7' ,(6_;) is the product

distribution that independently generates a; ~ m%(0;) for each j € N\ {i}. For this online learning
problem, the untruthful swap regret RaSz‘ for player ¢ € N is defined as

T

B [ul(0i, 605, 0)] — E  [ub(6i,a;)]

T
Rys,; =
ai~mi ((0:)) a;~y (6;)

max max E
P: ©;—0; ¢: O;xA;—A; —1 0;~p;

Note that this definition coincides with swap regret when |©] = 1. We show that if every player
achieves sublinear untruthful swap regret, then the dynamics converge to a communication equilib-
rium. Furthermore, the empirical distribution of uncoupled dynamics is always strategy-representable
(Theorem [2.4)).

5We use the term “reward” for online learning problems and distinguish it from the term “payoff” for games.



Theorem 1.1 (Informal version of Theorem [2.17)). The empirical distribution of the dynamics for T
rounds is a max;en Ruys,i/T-approzimate communication equilibrium with strategy representability,
where Rys ; is the untruthful swap regret for each player i € N.

Note that the set of all communication equilibria with strategy representability equals the in-
tersection of communication equilibria and ANFCEs (Theorem . We present several other
results: we clarify the relations between these classes as well as Bayesian solutions and Bayes Nash
equilibria (see Section , we slightly improve an upper bound on strategy swap regret from the
direct application of the existing swap regret minimization algorithm (Section , and we provide
various definitions of Bayes coarse correlated equilibria for comparison (Section @[)

Algorithm for minimizing untruthful swap regret To approximately compute a communi-
cation equilibria with strategy representability, we propose an efficient algorithm for minimizing
untruthful swap regret. We construct our algorithm in the following three steps to obtain an upper
bound of the optimal order.

In the first step (Section , the problem of minimizing untruthful swap regret is interpreted
as an instance of ®-regret minimization. To our knowledge, the definition of ®-regret was first
provided by (Greenwald and Jafari [2003] when the decision space is a probability simplex and then
extended to a general decision space by [Stoltz and Lugosi|[2007]. For a set of transformations @, the
®-regret measures how the algorithm gains by transforming their decisions with an optimal ¢ € ®
in hindsight. To interpret untruthful swap regret as ®-regret, we change the decision space from
the set of distributions for each type A(A;)®7 to the set of vectors X defined by

X =S ae0,1]% % | N w(bi,0) =1 (Vi € ©y) »,
aiEAi

where we set x'(0;,a;) = 7t (0;,a;) for each ¢ € [T], 6; € ©;, and a; € A;. Then the space of all
transformations expressed by ¥: ©; — ©; and ¢: ©; x A; — A; can be written as Q defined by

there exists some W € [0,1]9:®: such that
Q=1 Q e [0,1]©xAxOxA) | 37, o W(6;,0) =1 (V6; € ©;) and

(2

Dasea; QUi ai), (0, a7)) = W(0:,0;) (V0:,0; € O, a; € Ai)

where W represents a convex combinations of all possible ¢ and each block matrix Qy, 4(,) repre-
sents a convex combination of all possible ¢(6;, ). Then we obtain

T T
Rys; = meax Z<th7ﬂt> — Z(g@t’ aty,
t=1

t=1

where 4! is the reward vector weighted by prior probabilities p;, i.e., a*(0;, a;) = pi(6;)ut(6;,a;) for
each 0; € ©; and a; € A; (Theorem [3.1)).

In the second step (Section , we apply an efficient reduction framework that reduces ®-regret
minimization to online linear optimization with decision space ®, which was proposed by [Gordon
et al. [2008]. This framework internally uses fixed point computation of each @ € Q. We show that
the fixed point z € X such that Qx = = can be obtained by using eigenvector computation. Now
our problem is reduced to online linear optimization with decision space Q. Since for online linear



optimization with a polytope constraint, there exist efficient algorithms with sublinear external
regret (e.g., Follow-the-Perturbed-Leader |[Kalai and Vempala, 2005 or Component Hedge [Koolen
et al., [2010]), this problem is already tractable. However, they do not provide an upper bound of
the optimal order. We thus need the following third step.

In the third step (Section , we decompose online linear optimization with decision space Q
into small external regret minimization problems. Since Q can be regarded as a product of block
stochastic matrices and a stochastic matrix in some sense, it can be decomposed into |0;|%|4;| +
|©;| probability simplices. Then we can apply algorithms for external regret minimization with a
probability simplex. The final algorithm is described in Algorithm [3|, whose regret upper bound is
the following.

Theorem 1.2 (Informal version of Theorem [3.8)). There exists an efficiently computable algorithm
with O(y/T max{log |0;],|A;| log | A;|} + | A;| log | A;]) untruthful swap regret.

As a corollary, we obtain an algorithm that computes an approximate communication equilib-
rium with strategy representability in polynomial time with high probability (Section . This
theorem also answers the problem of minimizing linear swap regret proposed by Mansour et al.
[2022]. See Section |1.3| and Section |C| for more details on linear swap regret.

Lower bound for untruthful swap regret For swap regret, [Ito [2020] already proved an
Q(+/T|A;i|log|A;|) lower bound, which can apply to untruthful swap regret. To show the tight-
ness of the leading term in our upper bound, it is sufficient to prove an (/7 log|©;|) lower bound.

The proof idea for the swap regret lower bounds |[Blum and Mansour, 2007, [Ito, 2020] can be
summarized as follows. A problem instance is constructed such that the reward for each action
a; € A; in each round ¢ € [T is independently chosen from the uniform distribution over {0,1}. We
can assume that the algorithm selects most of the actions A; for at least Q(7/|A4;|) rounds (This
can be guaranteed by “blocking” operations, which set the rewards of actions selected more than a
certain number of times to 0 for the remaining rounds). For the rounds when the algorithm selects
such an action a; € A;, the gap between the total expected rewards for a; and an optimal action

o(a;) € A; is Q (1 /% log |Az\> due to an anti-concentration bound for binomial distributions. The

swap regret is at least the sum of ) ( % log \AZ|) for these actions, hence Q(1/T|A;|log |A;|).

Based on a similar idea, for untruthful swap regret, we can easily prove a lower bound if the
algorithm’s decisions are guaranteed to be sufficiently different for different types. For example, we
consider a problem instance with two actions A; = {ap, a1}, in which for each type 6; € ©; and
round ¢ € [T], the reward for ag is chosen from {0,1} uniformly at random, and the reward for
a1 is decided by flipping the corresponding reward for ag. Then the total expected reward for any
algorithm is 7'/2. Assume that the algorithm’s decisions are completely different for different types.
For example, we assume that for each type ; € ©; and round ¢ € [T], the algorithm chooses ag or
a1 uniformly at random. Recall that the competitor of untruthful swap regret can apply any type
swap ¥: ©; — ©;. Since for each pair of §; and (6;) € ©;, the expected total reward obtained
by applying the decision for ¥ (6;) to the rewards for 6; follows a binomial distribution, the optimal
reward is T'/2 + Q(4/T log |©;|) again from an anti-concentration bound, which leads to a desired
lower bound.

However, it is not easy to guarantee that the algorithm’s decisions are sufficiently different for
different types. For any payoffs, if the algorithm’s decisions are completely the same for all types,
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1st block 2nd block e Bth block

randomly shuffled

Figure 2: A problem instance for proving a lower bound on untruthful swap regret. The types O;
are partitioned into ©} and ©. The rewards for ©) are constant within each block of rounds and
randomly branch at the beginning of each block. The reward for g is 1 for the black cells and 0 for
the white cells. For each 6 € ©, the rewards for ag are generated independently. Every reward
for o is determined by flipping the corresponding reward for «ay.

1) does not yield any untruthful swap regret. We thus need to consider a combination of ¥ and ¢.
For example, if there is a type 6; € ©; for which the payoff for ag is always better than ai, the
algorithm suffers untruthful swap regret due to ¢(6;,a0) = ¢(0;, 1) = ap unless always choosing
ag (as formally stated in Theorem (4.2)).

Based on this observation, we create a problem instance with A; = {ap, @1} and the uniform
distribution p; (Figure . We assume |0;| = 25+! for some B € Z for simplicity. The set of
types ©; is partitioned into ©) and O of equal size. The set of rounds [T] is partitioned into B
blocks of equal length. The rewards for ©/ are randomly determined as in the problem instance
described above. Each 0, € O is associated with a binary sequence of length B by a random
bijection ¢: ©} — {0,1}F, and the bth bit of this sequence indicates which of ag or a; has reward
1 for @, in the bth block.

The rewards for ©) are designed so that the algorithm must use different decisions for different
types. Let 9? , 0} € O/ be the types for which aq’s and a1 ’s rewards are always 1 (the completely black
row and completely white row), respectively. As mentioned above, ¢(0;, ap) = ¢(0;, 1) = g forces
the algorithm to almost always select g for the type 0? . Similarly, the algorithm almost always
selects oy for the type 6} € ©f. Since the rewards for ©/ are randomly shuffled, the algorithm
does not know which are 9? and 92-1 before reaching the final block. In the first block, since the
algorithm does not know which type in the black rows is 69 and which type in the white rows is 6},
the algorithm must almost always choose ag for all the black cells and «y for all the white cells.

We are tempted to expect that for the second and later blocks, the algorithm also almost always
selects ag for the black cells and «; for the white cells. Unfortunately, there is a counterexample
to this expectation. Suppose that the algorithm uses the same action for each contiguous two
blocks. For example, if the first, second, third, and fourth blocks are black, white, white, and black,
respectively, the algorithm uses «q for the first two blocks and «; for the next two blocks. Then
the algorithm successfully selects ag for 69 and a; for 6} in almost all rounds. Furthermore, even
though the algorithm obtains the total reward only 7'/2 for some type, this is optimal among all
decisions that select the same action for each contiguous two blocks, and then the algorithm suffers
no untruthful swap regretm We prove that this example is tight, that is, if the untruthful swap

"Note that a similar algorithm focusing on each contiguous three blocks yields Q(7T") untruthful swap regret. For
example, this algorithm always selects ap for the row with black, white, and white cells for the first, second, and
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regret is small, then the difference of the algorithm’s decisions between the “adjacent” black and
white rows must be at least T'/2 approximately (see Theorem for a formal statement). By using
this fact, we show that the algorithm’s decisions must be significantly different at each branching
point with some constant probability (Theorem [4.4]).

If the algorithm always selects aq for the black cells and a; for the white cells, by choosing
a better action separately for 0 € © in each block, we can show that the algorithm suffers
B - Q(/T/B) = Q(y/Tlog|0;|) untruthful swap regret. Since we can control the algorithm’s
decisions only for a constant fraction of all rounds, we need to carefully determine 1 so that the
algorithm cannot manipulate the untruthful swap regret (Section and trace the difference of
cumulative rewards by using martingale analysis (Section . These analyses lead to the following
desired lower bound (Section [4.4)).

Theorem 1.3 (Informal version of Theorem.1)). For any algorithm, there exists a problem instance

such that the untruthful swap regret is Q(/T log|©;|).

Smoothness and price of anarchy Given an equilibrium class IT € A(A)®, the price of anarchy
(POA) of a Bayesian game is defined as

inf E
ﬂ'EH 9’\‘/)

E [vsw(b; a)]]
a~m(0)

POA =

E [max vsw (; a)]
O~p a€A

where vew: © x A — [0,1] is the social welfare function. For analyzing the POA, we make two
assumptions: p is a product distribution and the value of v;(#;a) does not depend on 6_; for each
i € N. These two assumptions are natural when a type represents a preference or attribute of
each player. They were assumed in existing studies [Syrgkanis, |2012} Syrgkanis and Tardos| 2013,
Roughgarden, [2015b].

Our analysis is based on smoothness, which is a standard assumption for bounding the POA of
games with complete information. Intuitively, smoothness is a condition that for any action profile,
there exists some deviation that significantly increases the social welfare toward the optimum.
By assuming (\, p)-smoothness, Roughgarden| [2015a] proved that the POA of coarse correlated
equilibria is bounded below by A/(1 + p). Furthermore, Roughgarden| [2015a] showed that a broad
class of games satisfies smoothness.

The smoothness argument cannot be extended directly to Bayesian games, even for Bayes Nash
equilibria. Note that the POA of Bayesian games does not coincide with the POA of the strategic
form or agent normal form. This is because the denominator takes an optimal action profile for
each 6 € O, which can be better than the expected social welfare for the optimal strategy profile
maxses Eg~p [Usw(0; 5(0))]. Therefore, we cannot directly apply the smoothness analysis of the
strategic form or agent normal form. Existing studies analyze the POA of Bayes Nash equilibria
by making an additional assumption. We will show that their results can be extended from Bayes
Nash equilibria to communication equilibria with strategy representability.

In Section [5.1] we consider the case where the social welfare is the sum of all players’ pay-
offs, which is often assumed from the viewpoint of utilitarianism. We extend the proof given by

third blocks, but selecting a1 all the time obtains 7'/3 better reward.
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Syrgkanis and Tardos| [2013| from Bayes Nash equilibria to communication equilibria with strategy
representability and obtain a lower bound of A/(1 4+ ). We make an assumption called (\, u)-
conditional smoothness, which considers deviations of each player depending on the current action.
Since stronger deviations can be used, conditional smoothness is a weaker assumption than (uncon-
ditional) smoothness. This assumption seems to correspond to correlated equilibria, and Syrgkanis
and Tardos|[2013] actually used it to bound the POA of correlated equilibria for games with complete
information. However, since our current proof uses the property of communication equilibria with
strategy representability also for another purpose, even if we assume (unconditional) smoothness,
it cannot extend to Bayes coarse correlated equilibria.

In Section [5.2] we consider Bayesian games derived from Bayesian mechanisms. [Syrgkanis and
Tardos [2013] defined (), y1)-conditional smoothnessf| for mechanisms, which is satisfied by the simul-
taneous and sequential composition of first-price, second-price, all-pay, and many other auctions.
We extend their lower bound of A/ max{l,u} to communication equilibria with strategy repre-
sentability.

In Section we consider the case where the set of actions for each player changes depending
on their type. For example, in a routing game, each player selects their route out of all paths
from an origin to a destination, but if the origin-destination pair is determined by their type, then
the set of possible actions changes depending on the type. A standard assumption for this setting
is (A, p)-universal smoothness,ﬂ which was satisfied by routing games and Bayesian effort games
[Roughgarden, 2015b|, |Syrgkanis| [2012]. Under the conditional version of this assumption, we prove
a lower bound of A/(1+ ) on the POA of communication equilibria with strategy representability.
We also briefly discuss how we can extend the definition of communication equilibria, the dynamics,
and the untruthful swap regret minimization algorithm to this setting.

1.3 Further related work

Computational studies on correlated equilibria There exist many studies for computing a
correlated equilibrium in games with complete information. A pioneering study on this topic was
given by |Gilboa and Zemel| [1989], but the time complexity of the proposed algorithm is polynomial
in the number of action profiles |A|, which is exponential in our setting. There are mainly two
approaches to designing efficient algorithms. One approach is based on no-regret dynamics. No-
internal-regret dynamics converging to correlated equilibria were developed by |Foster and Vohra
[1997] and Hart and Mas-Colell| [2000] originally in the economics community. It was later applied
to efficiently computing correlated equilibria |[Nisan et al.,|2007, Chapter 4| and extended to stronger
regret notions [Blum and Mansour, 2007, [Hazan and Kale, 2007, [Rakhlin et al., 2011]. Another ap-
proach is Ellipsoid Against Hope proposed by Papadimitriou and Roughgarden! [2008| (and modified
by |Jiang and Leyton-Brown! [2015]), which computes an exact correlated equilibrium of succinctly
represented games by the ellipsoid method. On the hardness side, Hart and Nisan|[2018| proved that
there is no deterministic or exact algorithm for computing a correlated equilibrium with polynomial
query complexity.

8They call it smoothness, but we here explicitly call it conditional smoothness to distinguish unconditional and
conditional versions.

9Roughgarden| [2015b| simply call it smoothness, but we follow the terminology used by |Syrgkanis| [2012] for
distinguishing it from (non-universal) smoothness.
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Computational studies on Bayes correlated equilibria We can find definitions of Bayes
correlated equilibria in several computer science papers, but their varieties have not been considered.
In Appendix D.2.2 of their paper, Mansour et al.| [2022] mentioned a class of correlated equilibria
of two-player Bayesian games, in which a single player cannot benefit from any type swap or
action swap but not their combination. Their definition is somewhat similar to communication
equilibria, but the incentive constraints are weak. For Bayesian first-price auctions, [Jin and Lu
[2023] considered a class of Bayes correlated equilibria, which is equivalent to Bayesian solutions.
Both of them did not provide any algorithm for computing an equilibrium in these classes.

Some studies mentioned Bayes coarse correlated equilibria. Hartline et al. [2015] considered no-
external-regret dynamics in the agent normal form of Bayesian games and their convergence to an
agent-normal-form coarse correlated equilibrium (ANFCCE). Since communication equilibria with
strategy representability are included in ANFCCEs, our proposed dynamics converge to a narrower
equilibrium concept. The definition of Bayes coarse correlated equilibria used by |Caragiannis et al.
[2015] and |Jin and Lul [2023] is similar to ANFCCEs, but it is defined on A(A)®, not A(S). We
briefly discuss definitions of Bayes coarse correlated equilibria in Section [D}

Bayesian persuasion Bayesian persuasion was proposed as a framework for information design
by [Kamenica and Gentzkow| [2011]. As discussed by Bergemann and Morris| [2016], Bayesian per-
suasion is optimization over universal Bayesian solutions, which is a variant of Bayes correlated
equilibria for the setting where a mediator has more information than players. The set of universal
Bayesian solutions is the largest among the variants described in this paper as shown by |[Forges
[1993]. Computing a universal Bayesian solution is easier than the other classes considered in this
paper, but computing an optimal equilibrium is rather difficult. Even for games with complete
information, the problem of computing an optimal correlated equilibrium is in general harder than
finding a correlated equilibrium |[Papadimitriou and Roughgarden| 2008|. Most of the algorithmic
studies of Bayesian persuasion make some assumption to alleviate complexity of equilibria: there
is only one player [Dughmi and Xul [2021] or players’ actions do not affect other players’ payoffs
(no-externalities assumption) |[Babichenko and Barman, 2017|. There are only a small number of
exceptions, which deal with specific games such as atomic singleton congestion games [Zhou et al.),
2022].

Correlated equilibria in extensive-form games with imperfect information [Forges|[1986]
extended the notion of communication equilibria to extensive-form games, in which the mediator
receives signals from players and then sends signals to players at the beginning of each node of
the game tree. Bayesian games can be regarded as a special case of extensive-form games with
imperfect information by regarding types as an action of a chance node. Note that the size of the
game tree obtained by this reduction is exponential: the number of actions of this chance node is
|©|, and even in the case of complete information, the size of the game tree is at least the number
of action profiles |A|. There is a large amount of literature on computing extensions of correlated
equilibrium to extensive-form games with imperfect information [von Stengel and Forges, 2008,
Celli and Gatti, 2018, Farina et al [2022, Zhang and Sandholm, 2022|, but they consider algorithms
running in polynomial time in the size of the game tree, which is exponential in our formulation.
Zhang and Sandholm| [2022] mentioned how to design efficiently computable dynamics converging
to a communication equilibrium as an open problem, which we partially resolve.
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Linear swap regret and polytope swap regret Mansour et al.| [2022] considered repeated
play of Bayesian games with two players: an optimizer and a learner who follows an online learning
algorithm. Their goal is to determine which concept of regret corresponds to the optimizer’s benefit
compared with the Stackelberg value. Although their goal is different from ours, they proposed
similar variants of regret: linear swap regret and polytope swap regret. For any polytope, linear swap
regret is defined by the competitor that can use any valid linear transformationm for swapping the
algorithm’s decision. Note that Gordon et al. [2008] already proposed the same concept for general
convex compact sets as linear regret. Since untruthful swap regret is defined by a specific class
of valid linear transformations represented by Q, it is easier to minimize than linear swap regret.
Mansour et al.| [2022] proposed an algorithm for minimizing linear swap regret, but they did not
prove any rigorous regret bound, and this algorithm was not proved to be efficient. In Section [C]
we prove that linear swap regret is equivalent to untruthful swap regret when the decision space is
X defined in Section [1.2] and then our algorithm can be used for minimizing linear swap regret.

Polytope swap regret is defined by the competitor that can use any swap of the vertices of the
polytope, while the vertex decomposition of the algorithm’s decision in each round can be optimally
decided by the learner in hindsight. Since our strategy swap regret requires the algorithm to submit
vertex decomposition in each round irrevocably, it is more difficult to minimize than polytope swap
regret.

Price of anarchy of Bayesian games The definition of the POA for games with complete in-
formation was provided by Koutsoupias and Papadimitriou [1999] and then extended from Nash
equilibria to (coarse) correlated equilibria by Blum et al. [2008]. Most existing studies for Bayesian
games focus on the POA of Bayes Nash equilibria |Christodoulou et all [2016, Leme and Tardos,
2010], Roughgardenl, 2015b], [Syrgkanis|, [2012], [Syrgkanis and Tardos| [2013], [Hartline et al.l [2014] [Feld-
man et al., 2020, Jin and Lu},2022|. An exception is a study by |[Hartline et al.|[2015], which extended
the smoothness framework for mechanisms developed by Syrgkanis and Tardos [2013] to ANFCCEs.
However, its applications are not clear due to the following reason. Hartline et al.|[2015] showed that
if a Bayesian mechanism satisfies (unconditional) smoothness, the POA of Bayes coarse correlated
equilibria is bounded. |[Syrgkanis and Tardos [2013| showed that a wide class of mechanisms satisfies
conditional smoothness, which assumes that the deviation can depend on the current action (see
Section for a formal definition). By carefully reading proofs of conditional smoothness of mech-
anisms presented by Syrgkanis and Tardos| [2013], we can see that some mechanisms introduced in
their paper satisfy (unconditional) smoothness, but not all. We prove that conditional smoothness is
sufficient for extending the POA bounds to communication equilibria with strategy representability
in Section (.2l

As mentioned above, Caragiannis et al. [2015| and |Jin and Lu| [2023| considered a variant of
ANFCCEs defined on A(A)®. |Caragiannis et al.| [2015] proved POA bounds of this class for gen-
eralized second-price auctions. For first-price auctions, Jin and Lu| [2023] considered the price of
stability, which is defined to be the ratio of the optimal social welfare achieved by equilibria to the
maximum social welfare.

In Section [5] we assume that the players’ types are independent, i.e., the prior distribution p is a
product distribution. [Roughgarden| [2015b] called the POA for the correlated case ¢cPOA (correlated
POA) and showed a lower bound if the deviation of each player ¢ € N can be determined only by
0; in the definition of smoothness.

10We say a linear transformation is valid when it maps any vector in the polytope to a vector in the polytope.
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1.4 Organization of this paper

The remaining part of this paper is organized as follows.

e Section [2] provides various definitions and characterizations of approximate Bayes correlated
equilibria and then shows the convergence of variants of no-regret dynamics. Section de-
fines strategy representability, which is used for the characterizations. Section [2.2| specifies
the online learning setting that each player is faced with in dynamics. Section [2.3] provides
a definition of approximate SFCEs and shows that dynamics minimizing a variant of regret
called strategy swap regret converge to them. Section [2.4] provides a definition of approxi-
mate ANFCEs and shows that dynamics minimizing a variant of regret called type-wise swap
regret converge to them. Section [2.5] the main part of this section, provides a definition of
approximate communication equilibria and shows that dynamics minimizing untruthful swap
regret converge to communication equilibria with strategy representability. Section [2.6] shows
several inclusion relations between the classes of Bayes correlated equilibria and Bayes Nash
equilibria.

e Section [3| derives an efficient algorithm for minimizing untruthful swap regret in three steps,
each of which is presented in Sections [3.1] to [3:3] Section [3.4] applies this algorithm to com-
puting a communication equilibrium with strategy representability.

e Section [4 proves a lower bound on untruthful swap regret. The proof consists of four steps,

each of which is presented in Sections to

e Section [b| shows lower bounds on the price of anarchy for each of three cases: Section
assumes that the social welfare is the sum of payoffs, Section [5.2] assumes that the game
is derived from a Bayesian mechanism with a quasilinear utility function, and Section [5.3
assumes a stronger version of smoothness called universal smoothness.

2 Bayes correlated equilibria and no-regret dynamics

In this section, we review various classes of Bayes correlated equilibria surveyed by [Forges [1993]
and propose variants of no-regret dynamics converging to them. The highlight of this section is the
definition of untruthful swap regret and the convergence of dynamics minimizing it to communication
equilibria with strategy representability (Section . As a byproduct, we characterize each class
of Bayes correlated equilibria, propose dynamics converging to SFCEs and ANFCEs, and show
relations among these classes.

2.1 Strategy representability

To classify Bayes correlated equilibria in terms of distributions, we need to compare different kinds of
distributions. As we will see, SFCEs and ANFCEs are defined as distributions over strategy profiles,
that is, 0 € A(S). On the other hand, communication equilibria and Bayesian solutions are defined
as distributions over action profiles for each type profile, which we call type-wise distributions. A
type-wise distribution 7 € A(A)® determines a distribution 7(8) € A(A) for each type § € ©. We
write m(6; a) instead of w(0)(a) for readability.
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Figure 3: An example of a type-wise distribution that is not strategy-representable.

To compare these distributions, we adopt the approach of transforming o € A(S) into 7 €
A(A)® by considering the marginal distribution. Suppose that the mediator samples s ~ ¢ inde-
pendently of § ~ p and then recommends s;(6;) to each player i € N. Then, for each o € A(S), we
can define its corresponding distribution 7 € A(A)® by

m(0;a) = Pr(s(0) = a) (1)
S~T
for each @ € © and a € A. This operation defines a function n: A(S) — A(A)®.
We define the strategy representability as the property that = € n(A(S)). This property implies

that the mediator can realize 7 by sending a randomized recommendation of s € S without observing
the type profile 6 € ©.

Definition 2.1 (Strategy representability). We call a type-wise distribution 7 € A(A)® strategy-
representable if there exists o € A(S) such that 7(0;a) = Prgws(s(f) = a) for each § € © and
a € A.

As we show below, not all type-wise distributions A(A)® are strategy-representable. That is, if
we generate s ~ o independently of @ ~ p, we cannot realize all distributions in A(A)®.

Example 2.2. We give an example 7 € A(A)® that cannot be represented by any o € A(S).
Suppose that Ay = {a1,d|}, A2 = {az,adl}, ©1 = {01,01}, and O2 = {h2,0,}. Let p be the uni-
form distribution on O x ©y. As illustrated in Figure , we define T € A(A)® by 7(01,02;a1,az) =
(01, 02; ), a) = w(01,05; a1, a2) = w(01,04; ay, al) = w(0],02; a1,a2) = 7(07,02; a), ab) = w(0], 05 a1,ah) =
m(0],05;a},a2) = 4. We show that 7 is not strategy-representable. If there exists ¢ € A(S) that
satisfies 7(0;a) = Prgs(s(0) = a) for any 6 € © and a € A, then Pr(s1(61) = a1, s2(62) =
az) = Pr(s1(61) = d}, s2(62) = ab) = 3. This implies that the event s1(f1) = a1 coincides with
the event s3(f2) = a2, and s1(61) = a) coincides with s2(62) = ab. Similarly, from Pr(s;(61) =
ai, s2(6h) = az) = Pr(s1(01) = af, s2(05) = dfy) = %, we can see that s1(01) = a1 coincides with
s2(0)) = ag, and s1(01) = a) coincides with so(6) = af. Therefore, s2(62) = s2(6)) holds with
probability 1. By symmetry, we can see that s1(01) = s1(6]) holds with probability 1. Hence, the
distributions of (s1(61), s2(62)) and (s1(6}), s2(05)) must be identical, but they are not, which leads
to a contradiction. This implies that 7 is not strategy-representable.

Remark 2.3. Forges|[1993| did not formally define the strategy representability but instead claimed
that a property called conditional independence property is important to classify Bayes correlated
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equilibria. As Forges [1993| claimed, the conditional independence property holds for any strategy-
representable distribution. Although it was not stated explicitly, the conditional independence
property is not equivalent to the strategy representability (see Section H As discussed below,
the strategy representability is the exact difference between several classes of Bayes correlated
equilibria.

We say 7 € A(A)@ is a type-wise product distribution if there exists some m; 9, € A(A;) for each
i € N and 0; € ©; such that m(0;a) = [,y mi e (a;) for every § € © and a € A. Let Iproq € A(A)®
be the set of all type-wise product distributions. As we show below, a finite mixture of type-wise
product distributions is always strategy-representable. We will use this fact to prove that the average
of finite rounds of uncoupled dynamics in the agent normal form is strategy-representable since the
distribution in each round is type-wise product. Furthermore, the inverse also holds.

Proposition 2.4. A distribution = € A(A)® is strategy-representable if and only if T is a finite
mizture of type-wise product distributions, that is, there exist a positive integer T, o' € A([T]), and
7t € llproq for each t € [T such that w(6;a) = > telr) o' (t)r'(0;a) for each 6 € © and a € A.

Proof. Assume 7 is strategy-representable, that is, there exists o € A(S) such that n(6;a) =
Pryw,(s(8) = a) for each § € © and a € A. Let 0/ = o and define 7° € A(A)® by 7%(0;a) =
1{5(6)=a}- We can check 7% € Ilpyoq by setting 7, (a;) = 1y, (9,)=a;}- Then

n(6;a) = Pr(s(0) =a) =) 0(s)lisp=ay = Y 0'(s)7°(6;0)

s~o
sES SES

for each 6 € © and a € A.

Assume there exists a positive integer T', 0/ € A(T), and 7 € Ilp,oq for each t € [T] such that
m(0;a) = 3 e o'(t)m"(0;a). Since 7 € Tlpyqg for each t € [T1, there exists 7, € A(A;) for
each i € N and 0; € ©; such that 7'(0;a) = [[,cn ﬂf,(;i(ai) for each § € © and a € A. We define
ot € A(S) by o(s) = [Lien Is,co, ﬂfﬂi(si(&)) for each s € S. Then for each § € © and a € A, it

holds that
Pr(s(0) =a)= >[I II mo(s:(60) = [] 7o, (as) = ' (6;).
i s(%?: 1€EN 6,€0; 1EN
S =a

Define o € A(S) by o(s) = >y a'(t)ol(s) for every s € S. Then

Pr(s(6) =a)= > () Pr (s(0) =a) = > o) (6;0) = 7(6;0)

te[T) te(T]

for each # € © and a € A, which implies that 7 is strategy-representable. O

2.2  Online learning with stochastic types

To discuss dynamics converging to Bayes correlated equilibria, we define online learning with stochas-
tic types, which is an online decision-making problem that each player is faced with in repeated play
of Bayesian games.

1A related discussion about belief invariant Bayesian solutions can be found in existing studies |Lehrer et al.,
2010, [Forges|, [2006].
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This problem is defined as an extension of an ordinary online learning setting. Recall that in
each round of online learning, a learner with a set of finite actions A; decides a randomized action
a; € A; and then obtains payoff u!(a;) according to a reward vector u! € [0, 1]4:. In online learning
with stochastic types, in addition to actions A;, the learner is associated with a set of finite types
©; and a prior distribution p; € A(©;). In each round ¢ € [T], the learner decides a strategy
distribution ¢! € A(S;). This distribution randomly determines a strategy s; € Ai@i that assigns an
action a; € A; to each type 0; € ©;. Then the learner observes a reward vector u! € [0, l]eiXAi that
assigns a reward value for each type 6; € ©; and action a; € A;. The learner’s action s;(6;) € A; is
randomly determined by strategy s; ~ of and type 6; ~ p;. The expected reward for randomized
strategy of € A(Ai@i) is therefore Eg,~, [Eswoﬁ [ut(6;, s,(@z))ﬂ

Suppose that players are repeatedly involved in the same Bayesian game and decide their own
randomized strategies in each round. Then the online decision-making problem that each player
is faced with can be formulated as online learning with stochastic types. In each round ¢ € [T],
each player i € N decides a randomized strategy of € A(S;) and then obtains the expected payoff
Eo~p [Es~ot [vi(0;5(0))]], where o is the product distribution that independently generates s; ~ o

J
for each j € N. We define the reward vector ul € [0, 1]9*4i by

i (03, i) = 9 e 0
—i~pl0;

E [vi(0;ai, S—z‘(9—i))]] (2)

e
S_i~ot

¢ . is the product distribution that independently

for each type 0; € ©; and action a; € A;, where o*,
generates s; ~ aj. for each j € N\ {i}. By using this reward vector, the expected payoff for player

1 € N can be expressed as

5 [ B, b)) = &

O~p [s~ot Oi~p;

E [Ui(9;8z‘(9i)aS—z‘@—z‘))]”]

S_iNO't_Z-

E E
si~ot [ 0—i~pl6;

E [uj(0;,5i(6:))]

ot
s;~0}

= E

0i~p;

Thus, the problem for player ¢ € N in repeated play of Bayesian games is online learning with
stochastic types specified by actions A;, types O;, prior distribution p; € A(0;), and reward vector
ut € [0,1]%%4 for each t € [T] as defined above. Note that the decision space is S;, but the rewards
for them can be succinctly represented by u! € [0, l]e)iXAi. If the goal is to minimize external regret,
this problem can be solved separately for each type. By considering various extensions of swap regret
to this setting, we will define dynamics converging to each class of Bayes correlated equilibria.

For ANFCEs (Section and communication equilibria (Section [2.5]), we restrict the decision
ol € A(S;) of each player i € N to a product distribution, i.e., there exists some 7! € A(A;)®:
such that of(s;) = [l co, ™ (0i;si(6;)) for each s; € S;. Then the definition of reward vector
ut € 0,1]9%4 is

LCHD "o E o
—ir~pl0;

E (v a)}] (3)
a_j~mt (0-4)

for each type 0; € ©; and action a; € A;, where TI't_i(H_Z‘) is the product distribution that indepen-
dently generates a; ~ m5(6;) for each j € N\ {i}. While a strategy distribution o} € A(S;) requires

space exponential in |©;], a product distribution can be succinctly represented by ﬂf € A(AZ-)GZ'
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in polynomial space. For ANFCEs and communication equilibria, we will define type-wise swap
regret and untruthful swap regret, for which a product distribution is sufficient. On the other hand,
for SFCEs, we define strategy swap regret, for which we need to consider a strategy distribution

(Section [2.3).

2.3 Strategic-form correlated equilibria

Strategic-form correlated equilibria (SFCEs; also known as normal-form correlated equilibria) are
defined as correlated equilibria of the strategic form of a Bayesian game. Recall that in the strategic
form, the set of strategies S; = A4;9% is considered as a decision space for each player i € N.
This class is defined as a set of joint distributions o € A(S) on strategy profiles in which each
player ¢ € N cannot gain by deviating from recommended strategy s; € S; in expectation. This
deviation is represented by a swap ¢sg: S; — 5; that maps recommended strategy s; € S; to another
strategy ¢sg(s;). Here we define an approximate version in which each player can gain at most € in
expectation by deviating from the recommendation.

Definition 2.5 (e-Approximate strategic-form correlated equilibria (e-SFCEs)). For any € > 0, a
distribution o € A(S) is an e-approximate strategic-form correlated equilibrium if for any i € N
and any ¢sg: S; — 5;, it holds that

B [E [vzw;swm} > R [E 0i(0: (65 () (0. 5 (0_0))]| <. (ICs)

O~p |S~O O~p |s5~O
Let X5 € A(S) be the set of all e-SFCEs.

The notion of SFCE is a natural equilibrium concept for the following scenario. A mediator
samples s € S according to a distribution ¢ € A(S) and then informs each player i € N of s;.
Independently, a type profile 0 is sampled from p and each player ¢ € N observes their own type 6;.
Then, each player i € N decides their action s;(6;) € A;. If every player cannot gain by deviating
from action s;(6;) in expectation, the distribution o is an SFCE.

The role of this mediator can be interpreted as a correlation device. A correlation device privately
sends (possibly correlated) signals to each player according to some distribution. An SFCE can be
defined as a Nash equilibrium of an extended game equipped with a correlation device. A correlation
device can send any signal in general, but from the revelation principle, we can assume that each
signal corresponds to a recommendation of each strategy without loss of generality.

Since SFCEs are correlated equilibria of the strategic form of Bayesian games, no-swap-regret
dynamics converging to a correlated equilibrium can be directly extended to dynamics converging
to an SFCE. Recall that the decision space for each player ¢ € N in the strategic form is S;. Then
each player i € N decides a strategy distribution o} € A(S;) in each round ¢ € [T] and obtains the

expected payoff Eg,~, []ESZ,NU; [ul(6;, 81(92))]] according to reward vector u! € [0,1]9*4i defined as
, which is the setting of online learning with stochastic types. We consider an extension of swap

regret to this online learning problem with decision space S;, which we call strategy swap regret.

Definition 2.6 (Strategy swap regret). For online learning with stochastic types specified by actions
A;, types ©;, prior distribution p;, and reward vector ul € [0,1]9*4i for every time round ¢ € [T7,
strategy swap regret is defined as

T
Rls,= max Z E !E [uf(0;, (PsF(5:))(0:)) — ui(6s,5i(6;))]

osf: Si—S; —1 0;~p; 5;~07
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Algorithm 1: Dynamics for strategic-form correlated equilibria

For each player i € N, let A; be a subroutine that minimizes strategy swap regret for
online learning with stochastic types;

for each roundt=1,...,T do

Each player i € N decides their randomized strategy o! € A(S;) according to A; and
shares it with the other players;

Each player i € N computes reward uf(6;,a;) = Eg_,~pj0; [Es_iwat_. [vi(0; ai, S,Z'(Hfi))]}
for every 6; € ©; and a; € A;, where o' ; € A(S_;) is the product distribution that
independently generates s; ~ a]t» for each j € N\ {i};

Feed u} € [0,1]9*4 to A; as a reward vector for round t;

end

Theorem 3 of |Blum and Mansour| [2007] relates each player’s swap regret with the convergence
to a correlated equilibrium. By directly applying it to the strategic form of Bayesian games, we can
show that if the strategy swap regret of each player ¢ € N grows sublinear in 7', we can guarantee
the convergence of the dynamics to an SFCE. This is claimed in the following proposition formally.

Proposition 2.7. Let ot € A(S;) be the randomized strategy of each playeri € N for each round t €
[T] in Algom'thm. Then, the empirical distribution o € A(S) defined by o(s) = 7 S [Lien ot(si)

ien RL . . .
for each s € S is a %-SFCE, where RgSi is the strategy swap regret for each subroutine

A;.

Proof. From the definition of e-SFCEs, it is sufficient to prove

T
- maX;e N RSS,j
T

E | B (0 0se(6) 00,5500 - B | & 106350
for each i € N and ¢sg: S; — S;. Let ot € A(S_;) be the product distribution that independently
generates s; ~ 035- for each j € N and o', € A(S) the product distribution that independently
generates s; ~ o for each j € N\ {i}. Then the left-hand side can be bounded as

B | B 06 (0se()605-40-0)]| - | B [i0:5(0)]

O~p | S~O O~p [s~0

= E [ E [ E [vi(0; (psE(si))(0:), s—i(0—i)) — vi(6; 5(9))]” (from the definition of o)

t~[T] Ls~ot |O~p
1 i
== E E E [vi(6; i))(05), s-i(0—;)) — vi(6; s(0
T2 E L By | 0E, o By, (O (sr(s) (0, 5-i0-)) — il o >>]m
(since ot is the product distribution)
T _
1
== Z E E [uﬁ(@i, (bsk(5:))(0:)) — ul(6;, 32(01))]] (from the definition of u})
si~vol [0i~p;
t=1°"t""i &
Rss,
- T
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maxX;e N Rg& j
S—7
which completes the proof. O

We provide a detailed description of the dynamics in Algorithm We should note that this
proposition does not imply the existence of a polynomial-time algorithm for computing an approx-
imate SFCE. This is because the size of the decision space S; for each player i € N is exponential.
In Section B, we provide an algorithm that has an O (\/T\Ai“@i‘ log | As| + | A€ log \Az\) upper
bound on strategy swap regret, which is slightly better than a direct application of the swap regret
minimization algorithm proposed by Blum and Mansour| [2007] but still exponential in |®;|. Com-
puting an e-SFCE by simulating the dynamics with this algorithm requires time exponential in |©;].
Whether there exists an algorithm that computes an e-SFCE in time polynomial in n, |4;], |©;l,
and 1/e with an oracle for utility functions (v;)!"; is an open problem left for future work.

Remark 2.8. We define approximate SFCEs based on swap regret, but it is also possible to define
them based on internal regret. Note that we have two different definitions of approximate correlated
equilibria that are based on internal regret or swap regretE These definitions coincide when the
error is 0, but different when the error is non-zero. In this paper, we adopt the extension based
on swap regret, but it is also possible to use the extension based on internal regret, in which
¢se: S; — S; in the definition is restricted to a swap for a single strategy:

s if s; = s
bsF(si) = { ’

s; otherwise

for some s},s! € S;. However, the problem of computing this version of approximate SFCEs is
rather easy. It is because if we set 0 € A(S) to the uniform distribution over S, then the error is
always at most 1/(min;en |S;i|). Hence, for € > 1/(min;en |Si|), computing it can be done easily.
On the other hand, for ¢ < 1/(min;en |Si|), if we assume |S;| has the same order for every i € N,
then we can straightforwardly run an internal regret minimization algorithm with decision space S;

in time polynomial in 1/e = min;ey |S;].

To compare SFCEs with other classes defined on A(A)®, we define the set of distributions
obtained by mapping SFCEs to A(A)® by n: A(S) — A(A)® (see Section [2.1] for the definition of
n). Formally, it is defined as II§e = {n(c) € A(A)® | o € &}, From the definition, every 7 € II§q
is strategy-representable.

As we will see, IIg is a subset of approximate communication equilibria. Informally, computing
an e-SFCE is harder than computing an e-approximate communication equilibrium. If an e-SFCE
o € A(S) can be obtained, then we can compute its corresponding distribution n(c) € A(A)®,
which is also an e-approximate communication equilibrium. Note that this reduction is informal
because distributions in A(S) and A(A)® have an exponentially large support in general, and the
computational complexity of computing n(o) depends on the succinct representation of o.

Whether o € A(S) is an SFCE cannot be determined by its corresponding n(c) € A(A)®. As
in the following example, even if 0,0’ € A(S) correspond to the same 7 € A(A)®, it is possible
that o is an SFCE, but ¢’ is not.

12Ganor and Karthik C. S. [2018] called them approzimate correlated equilibria and approzimate rule correlated
equilibria, respectively.
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Example 2.9. Suppose O; = {61,0]} and O2 = {62} with A; = {a1,a}} and Ay = {ag,ab}. The
prior distribution p € A(©) is the uniform distribution over ©. Let v1(; a1, as) = v1(0;d}, ab) = 1
and vl(é; al,az) = vl(é; ai,ab) = 0 for any 6 € ©, while the second player’s payoff is always 0,
ie., va = 0. We consider two distinct distributions 0,0’ € A(S) with the same corresponding
7 € A(A)®. The first one o is the uniform distribution over S. The second one ¢’ is the uniform

distribution over s', 52, s3, s* defined as

s1(01) = ay, s1(0)) = a1, s5(02) = as,
S%(el) = a/17 S%(ell) = a/17 3%(92) = az,
3:{)(91) = ay, 3:13(0/1) = alla 3%(92) = a/27
s1(61) = a}, s1(0]) = a1, s5(62) = ab.

Both 7(61,62) and (0], 63) are the uniform distribution over A; x As. The expected payoff for each
type of 6y and 0] is 1.

First, we show that ¢ is an SFCE. Since v9 = 0, the second player does not have any incentive
to deviate. Since o is the uniform distribution over S, when s; € Sy is recommended, the posterior
distribution of sg is the uniform distribution over Sy. Hence, the expected payoff of each action of
A is %, and the first player does not have any incentive to deviate.

Next, we show that ¢’ is not an SFCE. Since s%, s%, szf, 3‘1l are all distinct, the first player can
infer the recommendation s3(f3) for the second player. The first player can increase the payoff to 1

by taking the same action as the second player. Therefore, o’ is not an SFCE.

2.4 Agent-normal-form correlated equilibria

Agent-normal-form correlated equilibria (ANFCEs) are defined as correlated equilibria of the agent
normal form of a Bayesian game. Recall that in the agent normal form, the same player with different
types is hypothetically considered as distinct players. In an ANFCE, the mediator recommends
possibly correlated actions to all hypothetical players (i,6;) € N’. Since an action profile for the
agent normal form assigns some a; € A; to every i € N and 0; € ©;, it can be identified with a
strategy profile s € S. Hence, we can define ANFCEs as the set of distributions over S. The only
difference from SFCEs is the information that each player can use for deviations. While each player
i € N can decide their action according to the recommended actions for all types ©; in SFCEs,
each player i« € N can use only the recommended action s;(6;) for their realized type 6; € ©; in
ANFCEs. Here we define an approximate version of ANFCEs with additive error e.

Definition 2.10 (e-Approximate agent-normal-form correlated equilibria (e-ANFCEs)). For any
€ > 0, a distribution o € A(S) is an e-approximate agent-normal-form correlated equilibrium if for
any i € N and ¢: ©; x A; — Aj;, it holds that

B [E [v@-w;s(e))}] > K {E [04(60; 603, :(6)), s—s(6_))] | — <. (ICaxv)

O~p | S~O O~p |s~o

Let 9y € A(S) be the set of all eeANFCEs.

In contrast to SFCEs, each player ¢ € N in ANFCEs is informed of only the action for the
realized type s;(6;), not the full strategy s;. In an SFCE, each player can use recommendations
for unrealized types, which differentiates SFCEs from ANFCEs. In an ANFCE, each player i € N
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with type 0; € ©; can use only s;(6;) to decide deviation ¢(6;,s;(6;)). This difference makes ¥4 g
broader than ¥gg.

Remark 2.11. The incentive constraint in our definition is slightly stronger than the incentive
constraint for each hypothetical player (i,0;) € N’, which can be written as

B |l B [66:50)]] > £ 1oy B [0 (60 5:00-0)]| -«
O~p s~o O~p s~o

for any ¢g: A; — A;. This can be checked by letting (0.,-) = ¢g; and #(0/,-) be the identity map
for each 6/ € ©; \ {6;} in (ICang]). Note that this difference is only for the error parameter, and

these two incentive constraints are equivalent for e = 0.

Since the setting of the agent normal form is hypothetical, it is difficult to consider a natural
scenario for ANFCEs. In an ANFCE, the mediator determines a strategy profile s € S according
to 0 € A(S) but recommends to each player only s;(6;). To realize it, the mediator must know the
type profile 6 € © in advance. However, if it is the case, then it is possible to realize any distribution
m(0) € A(A) for each # € O, for which the notion of Bayesian solutions introduced later is more
appropriate.

By extending no-swap-regret-dynamics to the agent normal form, we can obtain uncoupled dy-
namics converging to an ANFCE. In these dynamics, for every time round ¢ € [T, each hypothetical
player (i,6;) € N’ decides a distribution 7!(6;) € A(A;) over their actions. Hence, swap regret for
each hypothetical player (i,6;) € N’ considers an action swap ¢y : A; — A;. As with the incen-
tive constraints discussed above, we consider the sum of swap reérets for all hypothetical players
corresponding to ¢ € N, which we call type-wise swap regret.

Definition 2.12 (Type-wise swap regret). For online learning with stochastic types specified by
actions A;, types ©;, prior distribution p;, and reward vector u! € [0,1]9*4i for each round ¢ € [T7,
type-wise swap regret is defined as

T

RY. . = L. b0, a)) — ut(0:. a:
TS, ¢égg&g%gmwj%Jmu¢uﬂm ul(0;, ;)]

As with SFCEs, by directly applying Theorem 3 of [Blum and Mansour| [2007| to the agent
normal form of Bayesian games, we obtain the following claim.

Proposition 2.13. Let 7! € A(A)® be the type-wise distribution of each player i € N for each
round t € [T] in Algorithm @ Then, the empirical distribution o € A(S), which is defined by

T
max;ec N RTS,i

o(s) = %Zthl [Lien 1o,co, 7t (055 5:(6;)) for each s € S, is a ———>-ANFCE, where R?S,i is
the type-wise swap regret for each subroutine A;.

Proof. From the definition of e-ANFCEs, it is sufficient to prove

T
:| < maxj;e N RTS,j

B | B (05 000s5:00).5-i0-0)]| - E | B [it0:50)] u

O~p [S~O O~p | 8~0

for each i € N and ¢: ©; x A; — A;. Let o € A(S) be the product distribution that independently
generates s;(6;) ~ 75(6;) for each j € N and 6; € ©;. For each §_; € ©_;, let 7* ;(0_;) € A(A_)
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Algorithm 2: Dynamics for ANFCEs or communication equilibria
For each i € N, let A; be a subroutine that minimizes type-wise swap regret (ANFCEs) or
untruthful swap regret (communication equilibria with strategy representability) for online
learning with stochastic types;
for each roundt=1,...,T do
Each player i € N dec1deb their randomized strategy ! € A(A;)® according to A; and
shares it with the other players;

Each player i € N computes reward u}(6;, a;) = Eg_,~ |0, [Eaiwﬂiv(gii) [vi(0; a)]| for
every 0; € ©; and a; € A;, where 7 (0_;) € A(A_;) is the product distribution that
1ndependently generates a; ~ m5(0;) for each j € N\ {i};

Feed u! € [0,1]9*4i to each A; as a reward vector for round t;
end

be the product distribution that independently generates a; ~ m%(6;) for each j € N\ {i}. Then
the left-hand side can be bounded as

B | B 10650061 5:00). 5400} - B | B [0t s(0)]

O~p | S~O O~p | S~O
= E [ E [ E [vi(0;0(0;,5i(0:)),5-i(0—i)) — vi(6; s(@))}” (from the definition of o)
t~[T] [0~p [s~ot

= E [ E [ E [ E [0i(0; P(0i,a;),a—;) — v;(0; a)]] ” (from the definition of o)
HNp azmﬂ't(a) ~

[T

a_j~mt (0-;)

1 X

== E E E E [vi(0; ¢(0i,a;),a—;) — vi(0;a)]
T ;swm a;~mt(0;) [9— ~pl6; [a it (0-4)
1 X
= E [uf(0;, ¢(0;, a;)) — ul(6;,a5)] (from the definition of u})
T Q’LNPZ Qi ~TT; (9 )
R%——’S,l

- T
max;jen Ryg j

= T 9

which completes the proof. O

A detailed description of the dynamics can be found in Algorithm[2] We can obtain an algorithm
for minimizing type-wise swap regret by running the swap regret minimization algorithm proposed
by Blum and Mansour| |2007| separately for each (i,6;) € N’. Since the rewards for each (i, 6;) € N’
are always bounded above by p;(6;), an upper bound of O(,/T|A;|log|A;|) on swap regret directly

applies to type-wise swap regret.

As with e-SFCEs, we can define its counterpart Iy € A(A)® by Oy = n(Zane) (see
Section for the definition of 7). Since the incentive constraints for ANFCEs only rely on the
action profile s(6) instead of the strategy profile s, we can characterize Iy as follows.
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Proposition 2.14. For any type-wise distribution © € A(A)®, the following are equivalent:

(1) 7 € e

(ii) 7 is strategy-representable, and for any i € N and any ¢: ©; x A; — A;, it holds that

aNIE(H) [vi(0; ¢(0;, i), a—i)]| — e (ICxNF)

E [ E [vi(9;a)]] > E

Gr\zp a~7‘r(0) 9Np

Proof. First, we prove (ii) assuming (i). Suppose m € II§\g. Since IIi\g = n(Xang), there exists
o € Xone such that n(o) = 7. From the definition of ¥4 g, the incentive constraint holds
for every i € N and ¢: ©; x A; — A;. Since m = n(0), when s is generated from o, the distribution
of s(f) equals 7w(#). Then implies .

Next, we prove (i) assuming (ii). Suppose 7 is strategy-representable and satisfies the incentive
constraint for every i € N and ¢: ©; x A; — A;. From the strategy representability,
there exists o € A(S) such that 7 = n(o). As discussed above, when s is generated from o, the

distribution of s(#) equals m(#). Then (IC’yng)) implies (ICANF]). O

2.5 Communication equilibria

A communication equilibria is defined as a type-wise distribution 7 € A(A)® that is incentive-
compatible in the following scenario. First, type profile § € © is jointly generated from prior
distribution p, and then each player observes their own type 6; € ©;. Next, the players privately
report their own types to the mediator. Then the mediator generates an action profile a € A from
m(0) and privately recommends a; to each player ¢ € N. If each player i € N has no incentive to
deviate from reporting the true type 6; and following the recommendation a;, then this type-wise
distribution 7 € A(A)® is called a communication equilibrium.

Formally, the incentive constraints for each player ¢ € N are defined for the following two
mappings. The first one ¢: ©; — ©; specifies a type 1(6;) to be reported when the true type is
0;. As a result, the distribution 7 (¢(0;),0_;) that generates the recommended action profile a € A
may be different from the original one 7(#). The second one ¢: ©; x A; — A; specifies an action
@(0;,a;) when a; is recommended by the mediator and the true type is 6;. If each player cannot
gain by using any combination of 1) and ¢, a distribution 7 is a communication equilibrium. Here
we define its approximate version.

Definition 2.15 (e-Approximate communication equilibria). For any € > 0, a type-wise distribution
7 € A(A)® is an e-approximate communication equilibrium if for any i € N, : ©; — 6, and
qb: @1 X Az — Ai, it holds that

E
O~p

> E
O~p

E [vi(0;a)]
a~7(0)

E [0i(0; ¢(0;,a:),a—;)]| —e. (ICcom)
a~m((0:),0—:)

Let IIg,,, € A(A)® be the set of all e-approximate communication equilibria.

A communication equilibrium can be defined as a Nash equilibrium for the extended game
equipped with a communication device, which is a device that privately receives a signal from each
player and then privately sends a stochastic (possibly correlated) signal to each player based on
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the received signals. In general, the inputs and outputs for the communication device may be any
signals different from type profiles © and action profiles A. By the revelation principle, it is sufficient
to consider direct (or canonical) ones, in which the sets of inputs and outputs coincide with © and
A [Myersonl, [1982|. In this paper, we consider direct communication equilibria only.

There are two differences between communication equilibria and ANFCEs. First, in an ANFCE,
the mediator must generate a strategy profile s € S before observing the type profile 8 € O, while
in a communication equilibrium, the mediator can generate an action profile a € A after observing
the type profile. Since there exists a type-wise distribution 7 that cannot be expressed by any
strategy distribution (Section , ANFCEs are more restrictive than communication equilibria in
this aspect. Second, in an ANFCE, the players must inform the mediator of their true types, while
in a communication equilibrium, the players can untruthfully report their types. If the mediator can
validate the reported types in some way, ANFCEs are more natural, but communication equilibria
are more natural otherwise.

To introduce dynamics converging to a communication equilibrium, we present the definition
of untruthful swap regret. In addition to ¢: ©; x A; — A; that represents the deviation from the
recommended action, the competitor can use ¢: ©; — ©; that represents untruthful type reporting.

Definition 2.16 (Untruthful swap regret). For online learning with stochastic types specified by
actions A;, types ©;, prior distribution p;, and reward vector u! € [0,1]®*4 for every round ¢ € [T7,
untruthful swap regret is defined as

T

E E [w; (0, (05, )] — B [ui(6s, )]

Rls;= max max
) Y: 0;—0; ¢p: O;xA;—A; P Oirpi |zt (1(6:)) ai~mt(0;)

If we restrict ¥ to the identity map, untruthful swap regret is reduced to type-wise swap regret.
Then untruthful swap regret is no less than type-wise swap regret.

Now we consider dynamics in which each player 7 € N minimizes untruthful swap regret Rys ;.
In the following theorem, we show that these dynamics converge to a communication equilibrium.
Moreover, the empirical distribution is always strategy-representable from Theorem [2:4]

Theorem 2.17. Let wt € A(A;)® be the type-wise distribution of each player i € N for each

round t € [T] in Algorithm @ Then, the empirical distribution 7 € A(A)®, which is defined

T
maX;e N RUS,i

by w(0;a) = %Zg‘rzl [Lieny mi(05;0i) for each 6 € © and a € A, is a ————=%-approximate
communication equilibrium that satisfies strategy representability, where Ras,i is the untruthful swap
regret for each subroutine A;.

Proof. From Theorem [2.4] 7 is strategy-representable. From the definition of e-approximate com-
munication equilibria, it is sufficient to prove

, T
maxjen Ryg

E [viw;a)]] < —

a~m(0)

E
O~p

- E

E [vi(0; 9(0;,a;),a_;)] o,

ar~m(h(0:),0—¢)
for each i € N, ¢: ©; — ©;, and ¢: ©; x A; — A;. For each t € [T] and 0 € O, let 7(0) € A(A)
be the product distribution that independently generates a; ~ 7r§-(0j) for each j € N. Similarly,
let ' ;(0) € A(A_;) be the product distribution that independently generates a; ~ 7%(6;) for each
j € N\ {i}. The left-hand side can be bounded as

E
O~p

E [ (0; ¢(0i7ai)7a—i)]] - E

a~m(1h(0:),0—0) O~p

E [vi(6; a)]]

a~m(0)
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E E [vi(0; (03, ai),a—)] — E  [vi(6;a)]
t~[T] | armt (1(0:),0—:) armt(6)

| L
:TZ E

=1 Oi~pi |0_;~p|O;

E [ E  [vi(0;¢(0:,0:),a-)] — E [vi(e;a)]]”
(6:)

a_i~mt (0-5) |ai~mh((6;)) a;~mt

(since w¢(6) is a product distribution)

T _
1 t ¢ i
== E u; (05, 0(0i,0:)) | — E  |ui(6i,a:) (from the definition of u})
T tZ:;gini _“i’wrf(l/’(ei)) [ ] a;i~mh(0;) [ ]
_ R,
- T
max;e N Ras,j
— T )
which completes the proof. O

We present characterizations of communication equilibria with strategy representability, to which
the proposed dynamics converge.

Proposition 2.18. For any type-wise distribution © € A(A)®, the following are equivalent:

(i) me g, and  is strategy-representable.
(ZZ) T e 1_IGCom N 1_FANF'

(i1i) There exists some o € A(S) such that n(o) =7 and

E [E [Ui(eﬁs(@))]} > E [E [vi (033 §(0s, 5:(1(6:))), 5-i(0-:))]| — €. (ICcomsr)
~p |8~0 Orp |s~0

holds for any i € N, ¢¥: ©; = ©;, and ¢: ©; x A; — A;.

Proof. First, we prove (ii) assuming (i). Suppose 7 € II¢ = and 7 is strategy-representable. Since

(IC’yng) is a weaker condition than (ICcon)), 7 satisfies for any ¢: ©; x A; — A;. We thus
obtain 7 € II§ from Theorem

Next, we prove (iii) assuming (ii). Suppose 7 € g NIy Since Iy = N(Xqne) from
the definition, 7 € IIy\p implies that there exists o € X4y such that n(o) = 7. Moreover, since
m e g, holds for any ¢ € N, ¥: ©; — 0;, and ¢: O; x A; — A;. Since 7 is defined
by m(0;a) = Prs.,(s(f) = a) for each § € © and a € A, the left-hand side of is equal to
the left-hand side of . Then it is sufficient to show the equality of their right-hand sides.

Again from the definition of n, for any 6 € ©, we have
™ ($(6:),0-i5a) = Pr (si(9(60:)) = ai, s-i(0-i) = a).

Hence, for each fixed § € O, the distribution of a in the right-hand side of equals the
distribution of (s;(¢(6;)), s—i(f—;)) in the right-hand side of ([Ccomsr]), and then the right-hand
sides are equal.

Finally, we prove (i) assuming (iii). The existence of o € A(S) such that (o) = 7 implies the
strategy representability of 7. It is sufficient to prove that holds for any i € N, ¢: ©; — ©;,

and ¢: ©; x A; — A;. Since (ICcomsr|) and (ICcom|) are equivalent as proved above, we obtain
e II¢ O

Com*
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2.6 Relations among classes of Bayes correlated equilibria

Here we compare the classes of Bayes correlated equilibria and show their relations. First, we define
an approximate version of Bayesian solutions (also called partial Bayesian approach) [Forges| [1993].

Definition 2.19 (e-approximate Bayesian solutions). For any € > 0, a type-wise distribution 7 €
A(A)® is an e-approximate Bayesian solution if for any i € N and ¢: ©; x A; — A;, it holds that

E
O0~p

E [vi(G;a)]] > E [ E [vi(9;¢(9i7ai)7a—i)]] —e (ICps)

a~m(0) O~p | a~m(0)

Let IIgg C A(A)® be the set of all e-approximate Bayesian solutions.

Forges| [1993] showed the relations among the classes in terms of the set of players’ payoff values.
Formally, if we denote the expected payoff vector achieved by m € A(A)® by

O~p | a~m(0

vEp(T) = ( E

E [vi(6; a)]]) € 0,1)V,
) ieN

then |[Forges [1993| showed vgp(I12r) C vep(IQye) N vep (12, ) and vep(Ane) U vep(I1¢,,,) C
vpp (I1§s). Moreover, [Forges [1993] showed that these inclusions are strict, and vep(Iloyg) €
vep(I1g,,,) and vep (11, ) Z vep(IIQyr) for some Bayesian games.

Here we show the same inclusion relations among the approximate versions in terms of type-wise
distributions, that is,

Isg C© TMane N1lgom  and Iy U Mgy, € s

for each € > 0. We also show that these inclusion relations are strict. First, we show the following
relation.

Proposition 2.20. For any Bayesian game, it holds that 1Igg C II\g NI, for any € > 0.

Proof. Let 0 € Xg be an arbitrary e-SFCE and m = n(o) € II§g its corresponding type-wise
distribution. From Theorem it is sufficient to prove the incentive constraint (ICcomsr|) for
each i € N, ¢: ©; — 0;, and ¢: ©; x A; — A;. Since o is an e-SFCE, the incentive constraint

(ICsr|) holds for any ¢sr: S; — S;. If we set (¢se(si))(6i) = ¢(6i,si(¢(6;))) for each 0; € O;, then
it holds that

E [E W;s(em] > g [E (0303 (05, 5:(6(0))), 5 (0-))]| — e

O~p [s~O O~p | s~o
which completes the proof. O

Next, we provide an example of a Bayesian game in which 7 € (IIQ\zNIIZ, ) \H(S)F exists. While
deviations for SFCEs allow players to use recommendations for all other types, the deviations for
communication equilibria allow players to use recommendations for at most one other type and AN-
FCE no other type. We design a distribution such that a player can gain by using recommendations

for two other types. Then this distribution is a communication equilibrium and ANFCE but not
SFCE.
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Proposition 2.21. For some Bayesian game, (II%z N2, )\ 12 # 0.

Com
Proof. The distribution is defined as follows. Let ©1 = {61,0], 0/} and ©2 = {63} with the uniform
prior distribution p over ©1 x ©5. Let A; = {0,1,2,3,4} and Az = {1,2,3,4}. We define the first
player’s payoffs for 61,6/, 67] by
if a1 = 0
if a1 # 0 and a1 = as
if a1 # 0 and a1 # as.

if (CLI,CLZ) € {(47 1)7 (47 2)7 (L 3)7 (174)}

otherwise

if (a1>a2) S {(27 1)7 (27 3)7 (37 2)7 (374)}

0 otherwise.

v1(61,62;a1,a2) =

S ==

O =

v1(07, 625 a1, az) :{

N[

v1 (07,025 a1,a2) = {

The second player’s payoff vy is defined as vy(6y,62; a1, a2) = 144,44y} for any 0, € ©,. We
consider 7 € A(A)® such that 7 (61, 602), 7(6,62), and 7(0/,6s) are the uniform distributions over
(0} x {1,2,3,4}, {(4,1), (4,2), (1,3), (1, )}, and {(2,1), (2,3), (3,2), (3,4}, respectively

e First, we show that 7 is strategy-representable by providing o € A(S) such that = = (o).
From the definition of (61, 62), it must hold that s;(61) = 0 with probability 1. From the
definition of 7 (6], 02), it holds that

Pr(si(01) =4]s2(62) =1) =1 Pr(si(01) =4 s2(02) =2) =1
Pr(si(01) =1]s2(62) =3) =1 Pr(si(01) =1]s2(62) =4) = 1.
Similarly, from the definition of 7(67,62), it holds that
Pr(si(07) =2 s2(6) =1) =1 Pr(si(07) =3 s2(02) =2) = 1
Pr(si(07) =2 s2(62) =3) =1 Pr(si(07) = 3] s52(62) =4) = 1.
Hence, o can be defined as
Pr(si(0) =0, s1(0) =4, s1(6) =2, 52(62) = 1) = |
Pr(s1(61) =0, s1(61) =4, 51(67) =3, s2(02) =2) = i n
Pr(si(6) =0, s1(6) =1, s1(6f) =2, 52(62) =3) = |
Pr(s1(61) =0, s1(61) = 1, s1(07) =3, s2(02) =4) = i

Therefore, 7 is strategy-representable.

e Next, we show that for any ¢: ©; — ©; and ¢: ©; x A; — A;, distribution 7 satisfies the
incentive constraint for communication equilibria ({ICcom|). Since the second player’s payoff
is at most 1 and the expected payoff is 1 under 7, this player does not have any incentive

30



to deviate from the recommendation. Under distribution m, the first player always obtains
1

payoff %, and then the expected payoff is 5. Then we show that the first player cannot gain
by using any combination of ¢ and ¢. When the type is 6] or 67, the payoff is at most % and
the expected payoff is % under 7, the first player does not have any incentive to deviate from
the recommendation. When the type is 61, we consider the case of 1(6;) = 6; and the others
separately. If ¢(61) = 61, then the first player is always recommended taking the action 0,
and the posterior distribution on the second player’s action is still the uniform distribution.
If ¥(61) = 67 (or ¢(61) = 67), then the first player can learn whether s5(62) € {1,2} or
s2(62) € {3,4} (s2(62) € {1,3} or sa(f2) € {2,4}, respectively). By using this information,
the first player can take the same action sy(f2) with probability 1/2, but the expected payoff
is % 1= %, which is not better than the recommendation. Therefore, the right-hand side is
at most % for any v and ¢.

These two facts imply m € H%NFﬂﬂgom from Theorem . Finally, we show 7 ¢ HgF. As discussed
above, it is sufficient to consider o that satisfies the conditions (4). When the first player’s type
is 01, the first player can learn sy(f2) from s1(0]) and s1(0]). Then ¢sg can be defined such that
(¢sF(51))(61) = s2(62) always holds. This deviation provides the expected payoff -1+3-2+1.2 =2
to the first player, which is better than % obtained by the recommendation o. Therefore, o is not
an SFCE and 7 ¢ ITZ... O

Remark 2.22. The example used in the proof also proves that vgp (1% e NIIL, ) \vEp (I12¢) # 0 for
some Bayesian game. This is stronger than the claim that (vgp(ITaye) Nvep(I12,,)) \ vEp (II2E) # 0
for some Bayesian game, which was proved by |Forges| [1993] with distinct 7 € HOANF and 7’ € H%om
such that vgp(7) = vgp (7).

We can check vgp(m) = (3,1) € vpp(I1) as follows. If the second player’s expected payoff is 1,
then a1 # as holds with probability 1. Hence, the first player with type 61 never obtains the payoff
1. To achieve the expected payoff %, the first player must achieve the payoff % with probability 1,

but then ¢ must satisfy the conditions . As proved above, ¢ is not an SFCE.

Bayesian solutions Next, we show that e-approximate Bayesian solutions contain the union of
e-ANFCEs and e-approximate communication equilibria.

Proposition 2.23. For any Bayesian game, it holds that IIj\e UIIE, C Ilgg for any € > 0.

Proof. Assume m € Iljye or m € I . If m € IIjp, then 7 satisfies the incentive constraint

[ICynp) for any ¢: ©; x A; — A;. Since ([Cgg) is identical to (IC)ynp)), this implies 7 € TIgg. If
7w e II¢ then 7 satisfies the incentive constraint (ICcop|) for any ¢: ©; — 0; and ¢: O; x A; — A;.

Com>

By considering ¢ as the identity map, we can obtain ([Cgg|), which implies 7 € IIgg. O

This inclusion for € = 0 is strict for some Bayesian game. Forges [1993| provided an example
of a Bayesian game for which vgp(II§s) \ (vep(IIQye) U vep(112,,,)) # 0 holds. Since vgp(IIqye) U

Com

vpp(I2,,,) = vep (HQye UL, ) holds in general, vgp(I13s) \ vep (A UL, ) # 0 in this game,

Com Com

which implies H%s \ (HOANF U H%om) # 0.

Bayes Nash equilibria Finally, we consider the relations between Bayes Nash equilibria and
the classes of Bayes correlated equilibria. Recall that there are two interpretations of a Bayesian
game: the strategic form and the agent normal form. For each of these two different normal-form
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games corresponding to the same Bayesian game, we can consider the concept of Nash equilibria.
A well-known interesting fact is that these two concepts are equivalent. This equilibrium concept
is called Bayes Nash equilibrium. Here we define approximate versions of Bayes Nash equilibria in
the strategic form and the agent normal form, respectively.

First, we define Bayes Nash equilibria as Nash equilibria of the strategic form. In the strategic
form, each player i € N independently decides a strategy s; € S; according to some distribution
o; € A(S;). Here we denote this Nash equilibrium by the product distribution of o1, ...,0,. Let
Yprod C A(S) be the set of all product distributions, that is, for each o € ¥p,oq, there exists some
o; € A(S;) for each i € N such that o(s) = [[;, 0i(s;) holds for every s € S. We then define an
approximate version of Bayes Nash equilibria in the strategic form as follows.

Definition 2.24 (e-Approximate Bayes Nash equilibria (e-BNEs) in the strategic form). For any
€ > 0, a distribution o € Yp,og € A(S) is an e-approximate Bayes Nash equilibrium in the strategic
form if for any ¢ € N and any ¢sf: S; — .S;, it holds that

E [E [viw;s(e))@ > K [E a6 (e (52)) (B0), 54(6-)] | — e. (1)

O~p | S~O O~p | S~O
Let Xgng € A(S) be the set of all e-approximate Bayes Nash equilibria in the strategic form.

Next, we define Bayes Nash equilibria as Nash equilibria in the agent normal form. In the agent
normal form, each hypothetical player (i,6;) € N’ decides a distribution m; 9, € A(A;). A type
profile # € © sampled from p € A(O) determines the active players, whose actions a; € A; are
independently sampled from 7; g, for each i € N. Therefore, the action profile of the active players
follows a type-wise product distribution m € Ilp,oq. Recall that we call & € A(A)® a type-wise
product distribution if there exists some 79, € A(A;) for each i € N and §; € ©; such that
7(0;a) = [[;cn mig,;(a;) for every 6 € © and a € A. We define an approximate version of Bayes
Nash equilibria in the agent normal form as follows.

Definition 2.25 (e-Approximate Bayes Nash equilibria (e-BNEs) in the agent normal form). For
any € > 0, a type-wise product distribution m € Ilp,oq C A(A)@ is an e-approximate Bayes Nash
equilibria in the agent normal form if for any i € N and ¢: ©; x A; — A;, it holds that

E
O~p

E [vi(Q;a)]] > E [ E [vi(0;9(0i,ai),a—i)]| — e (ICENE)
a~m(0) O~p | a~m(0)

Let Hgng € A(A)® be the set of all e-approximate Bayes Nash equilibria in the agent normal form.

Here we show the equivalence of ¥g,g and IIg\g. This is an approximate version of the well-
known fact that Nash equilibria in the strategic form and the agent normal form are equivalent
|[Harsanyi, [1967], but we provide the proof for completeness.

Proposition 2.26. For any distribution o € Xg\g, its corresponding type-wise distribution satisfies
n(o) € Hgyg. Conversely, for any type-wise distribution ™ € Ilgyg, there exists a distribution
o € Ygng such that n(o) = 7.

Proof. Let o € ¥g\g be any e-BNE in the strategic form and = = (o). First, we show that 7 is a
type-wise product distribution. Since o € ¥poq, there exists o; € A(S;) for each ¢ € N such that
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o(s) = [Ii=; oi(si) holds for every s € S. For each i € N and 6; € ©;, define m; 9, € A(4;) by
mi0,(a;) = Prg,no,(5i(0;) = a;) for each a; € A;. Then

m(0;a) =n(o)(0;a) = Pr(s H Pr (s;(0;) = ai) Hﬂ'zg (a;)

SNO'
iEN 1EN

for every § € © and a € A, which implies 7 € Ilp,oq.

Next, we show the incentive constraint for each i € N and ¢: ©; x A; — A;. We use
the incentive constraint for ¢sp: S; — S; defined by (¢se(si))(0i) = ¢(0;,s:(0;)) for each
0; € ©;. Since n(o) = w implies that s(f) conforms to w(0) € A(A), the left-hand side of
equals the left-hand side of . The right-hand side of equals

B {E (0 <¢SF<sz»>><ez->,s_iw_i))@ .

O~p | S~O

= E | B 100060, 5000).5-50-0)]| - (since (3se(50))(6) = 6(6:,5:(6.)

= GE E [vi(0;0(0i,0a;),a— Z)]] — €, (since s(#) conforms to 7(0))
~p |a~m(0)

which coincides with the right-hand side of . Therefore, 7 is an e-BNE in the agent normal
form.

Conversely, let m € IIgyg be any e-BNE in the agent normal form. Since 7 is a type-wise
product distribution, there exists m; 9, € A(A;) for each i € N and 6; € ©; such that 7(0;a) =
[Licn mig; (ai) for every 6 € © and a € A. We can define the corresponding o € A(S) by o(s) =
[Lien Io,co, mi0:(si(0:)) for every s € S. Then

n(o)(0;a) = Pr(s ng a;) = 7(0;a)

SNO'
1EN

for every 6 € © and a € A, which implies n(o) = .

Next, we show o € Xg\g by proving o € Yprog and the incentive constraint holds for
any i € N and ¢sp: S; — S;. We can see 0 € Xprod by expressing o as o(s) = [[;cn 0i(s:) for every
s € S where o; € A(S;) is defined by o;(s;) = H(, co, Tib; (si(6;)) for every s; € S;. We then prove
that (ICpng]) holds for any i € N and ¢sr: S; — S; by using ([Cng) for ¢: ©; x A; — A; defined
by

<b(01, a,;) € argmax [ [ E [vi ((9, a;, S_i(e_i))]
al€A; O—i~pl0; [S—i~vo—i
for each 6; € ©; and a; € A;, where o_; € A(S_;) is the product distribution that independently
generates s; ~ o; for each j € N\ {i}. Note that ¢(6;,-) can be a constant function. Since n(c) =,

the left-hand side of equals the left-hand side of (ICpng|). The right-hand side of
is bounded as

E E ['Uz(e gb(euaz) a— z)]] — €
O~p | a~m(0)
= QIEp |:SiIEUi [v:(0; p(0;, 5i(6;)), s_i(ﬁ_i))]} —€ (since s(#) conforms to 7(6))
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- & E Lo <z><9i,siwi)),s_i(e_i))]ﬂ =
Oi~p; _6_i~p\6,- S_i~0

= E |[max R { E  [vi(b; ag,s_i(ﬁ_i))]u —€ (from the definition of ¢)
0i~p; _GQEAi O_i~pl|6; | S—i~o—i

> E | E E [ E  [vi(6; (¢SF(8i))(9i)a8—z‘(9—z‘))]H] —€
Oirpi | Si~0i | 0—irvpl0; [S—i~T—i
= | B [0 0se(s0)(0).5-i0-0)] | -
which implies for any ¢sg: S; — 5;. [l

Finally, we relate the classes of Bayes correlated equilibria to Bayes Nash equilibria. The fol-
lowing proposition shows that if a type-wise product distribution is contained in each class of Bayes
correlated equilibria, it is a Bayes Nash equilibrium.

Proposition 2.27. HgF NIlpog = HGANF NIlpoq =11 NIlpog = HGBS NIlpog = HGBNE'

€
Com

Proof. From Theorems and IIgE is a subset of Iy yg, IIg,,,, and Ilgg. Moreover, Ilig is a
superset of IIgg, IIG g, and II¢ . Therefore, it is sufficient to show that Ilgyg € IS N 1prog and
s Nlprog < Ilgne-

First, we prove lgyg € IISg N Iprog. Suppose 7 € IIgyg. From Theorem there exists
o € Ygye such that n(o) = 7. Since this o satisfies (ICpng|) for each i € N and ¢sf: S; — S;,
which is equivalent to (ICsp)). Hence, o € Xgp, and then m = (o) € IIgz. Moreover, from the
definition of e-BNEs in the agent normal form, 7 is a type-wise product distribution, which implies
Mgne € Hse N 1Iprog-

Next, we prove IIgg N Ilproq C Ilgyg. Suppose 7 € IIgg M Ilprq. Since w € Ilgg, the incentive
constraint ([Cpg)) holds for each i € N and ¢: ©; x A;, which is equivalent to (ICzyg). Moreover,
m is a type-wise product distribution since w € Ilp,oq. From the definition of e-BNEs in the agent
normal form, we obtain 7 € IIgyg. O

3 Algorithm for minimizing untruthful swap regret

In this section, we describe an efficient algorithm for minimizing untruthful swap regret, which leads
to efficient computation of approximate communication equilibria. In this section, we focus on the
problem that a player i € N is faced with, and therefore, the subscript i for A;, a;, ©;, 0;, 7}, and
RSSJL is not essential in this section. We put the subscript ¢ just for notational consistency.

We derive the algorithm in three steps: First, we reduce untruthful swap regret minimization to
a ®-regret minimization problem. Then we apply the ®-regret minimization framework developed
by |Gordon et al|[2008]| and reduce it to an online linear optimization problem. Finally, to obtain
a regret upper bound optimal up to a multiplicative constant, we further decompose it to small
external regret minimization problems. The final algorithm is described in Algorithm
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Algorithm 3: Algorithm for minimizing untruthful swap regret

Input: The set of types ©; and the set of actions A; are specified in advance. The reward
vector u} € [0,1]9*4i is given at the end of each round ¢ € [T].
Initialize subroutines as follows:
e let &, be a multiplicative weights algorithm with decision space ©; for each 0; € ©;;

o let 591.,9%7@; be a multiplicative weights algorithm with the doubling trick |Cesa-Bianchi et al.,
1997, Section 4.6] with decision space A; for each 6;, 60, € ©; and a} € A;;

for each roundt=1,...,T do

Let wéi € A(©;) be the output of &, in round ¢ for each 0; € O;;

Let y o . € A(A;) be the output of &, g/ , in round ¢ for each 6;,0; € ©; and a] € A;;
Define Q* € [0, 1](®:xA)x(©:x4) by QY((6;, a;), (0., !
0;,0; € ©; and a;,a; € A;;

Compute an eigenvector zt € R®*4i of Q* such that Q*zt = 2! and (2?) "1 = |©;;
Decide the output 7! € A(A;)® by 7t (0;;a;) = x'(0;,a;) for each 0; € ©; and a; € A;;
Observe reward vector u! € [0,1]9*4i and feed reward vectors to subroutines as follows:

D) = wéi(ﬁg)ygi o o (@i) for each

o feed Z ygl oo (@) (0 a5) pi (0;)ul(0;, a;) as the reward for decision 0] € ©;
ai,a;€A¢
to subroutine &, for each 6; € ©;;
o feed ! (0}; a})pi(0:)ul(0;,a;) as the reward for decision a; € A; to subroutine 0,04,
for each 6;,0; € ©; and o) € A;;

end

3.1 Reduction to ®-regret minimization

First, we interpret untruthful swap regret minimization as ®-regret minimization with decision space
X C [0,1]9*4 instead of A(A;)®7, where

X =z el0,1]% | 3" 2(0;,a:) =1 (V6; € ©) (5)
a; €EA;

is the set of vectors corresponding to A(A;)®:. Each m; € A(A )9 is associated to some z € X by
x(0;,a;) = m;(0;;a;) for each 0; € ©; and a; € A;. Let 2 € X be the output of the algorithm in
each round ¢ € [T] that corresponds to 7¢. Let @ € [0,1]%*4¢ be the reward vector weighted by
prior probabilities p;, i.e., *(0;,a;) = p;(6;)ul(6;,a;) for each 6; € ©; and a; € A;.

Now we prove that the competitor is supposed to choose an optimal transformation of all (x?)L,
from the set of linear transformations defined by

there exists some W € [0,1]9:®: such that
Q=1 Q e [0,1]©@xAxOxA) | %7, o W(0;,0;) =1 (V6; € ©;) and
Daiea; QU0i ai), (05, a5)) = W (05, 6;) (V6;,0; € 5,05 € Ai)
(6)
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Lemma 3.1. The untruthful swap regret can be written as

T
Rys,; = maxz (Qx', a") Z(xt,ﬂt>.
t=1
Proof. The expected reward for the algorithm is
T T T
3,2 |, B, W0u00]| < 3 ) T etsonde) - i
i— 0i~p; i~y (6:) =1 6, ) aiEA; =1

Next, we express the competitor s transformation that uses ¢: ©; — ©; and ¢: ©; x A; — A;
as a linear transformation. Given 7! € A(A;)®i, the competitor’s expected reward in each round

te[T]is

E
0i~p;

E [Uf(9i,¢(9i,ai))]] = pil0) Y w((0:); ai)ug (0, 405, as))

aiNﬂ-E (1’[1(97‘)) 0,€0; a;€EA;

= Z Z 2" (Y(0;), a;)u (65, ¢(0;, ;)

0,€0; a;€EA;

= (Qua', Qo'
where Qy, Qy € [0,1](®xA)*(O:ix4i) are the matrices defined as follows.

e The linear transformation @ for z' is defined as the Kronecker product Q, = Wy, ® I of
the zero-one stochastic matrix Wy, € {0,1}9:*®: where Wy (0;,0!) = 1 if 0. = (6;) and 0
otherwise, and the identity matrix I € {0, 1}4*4:,

e The linear transformation ()4 for @' is defined as the block diagonal matrix, where each block
Qo0:,) € {0,1}4*4 corresponding to #; € ©; is the zero-one stochastic matrix defined by
Qgs(0;,(ai, a;) = 1if af = ¢(6;,a;) and 0 otherwise.

Since <Q¢xt, Q¢at> = <<Q$Q¢) at, at>, the competitor can be interpreted as transforming x* by

using matrix Q;Qw, which we denote by Q. Hence, the set of all possible transformations for
the competitor is
Q' ={Qugs|1:0; = 06i,6: 0; x A; — A;}.

Next, we prove that Q equals the convex hull of @'. For each 1) and ¢, by a simple calculation,
we can see that each entry is Qu ((0;,a:), (6},a;)) = 1 if 0, = (0;) and a; = ¢(6;,a;), and 0
otherwise. All the constraints @ for Q are satisfied by Q4 € Q for any ¥ and ¢. The convex hull
is therefore a subset of Q.

Conversely, we show that any Q € Q can be expressed as a convex combination of @y 4. Fix any
@ € Q. We can regard @ as a block matrix with block Qy, ¢/ € [0, 1]4%4 for each 6;,0: € ©;. From
the definition of Q, there exists some stochastic matrices W € [0,1]9%®: and Q@i’gg € [0,1]4*4 for
each 0;,0, € ©; such that Q;—i’e,_ = W(b;, 9;)(291.,9; for each 0;,0, € ©;. Since any stochastic matrix
is a convex combination of zero-one stochastic matrices, there exists some distribution v over all
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possible ¢ such that W = Z¢ ()W, Similarly, for each 6;,6; € ©;, there exists some distribution
kg, ¢, over all possible ¢(6;,-) such that Qgi’(,/ 2 6(0:,) K6:.0,(9(0i, 1)) Qgs(p,.)- Each entry of Q is

Q((0s, a:), (07, a5)) =W(9i,9§)Qei,e;(a§,ai)

= Z'Y Y)Wy (0, 6;) Z w00 (90, ) Qo(o,, (i, ai)
#(055°)

= 25/1WuW} > 10,0000 ) L a—001.00))
¢(0i,)
Pr (9; = ¢(92)) Pr (ai = (ﬁ(&l, a;)) .
~y

¢(0’i7')NK/0i70£

We consider a distribution that generates 1) and ¢ with probability v(v) [1y.co, fo;.5(0:) (#(6:, "))
That is, ¢ is generated from v and then each ¢(6;,-) is generated from kg, y(p,) independently for
each 6; € ©;. The expected value of each entry according to this distribution is

¢1Ej:¢ [Q?/),¢((017 ai) (eza az))] = P’é (9 1!}(92)7 a; = Qb(ez, a’z))

MAH_MM)‘Pr'( = ¢(0;,a}))

/
= Q((6:, a:), (67, a7))-
Since every @ € Q can be expressed as a convex combination of some matrices in @', we can see

that Q is a subset of the convex hull of @’. We conclude that Q equals the convex hull of Q.
The competitor’s expected reward is

T
max max E E ut(6;, 6(0;, a;
10,500, 1 Oy x A A £ 9,p, awvr;?(w(ei))[ i(0i,9(0i,a:))]
— t —t
T 00,50, 6t O A A, tz_; (Quget, )

T

t —t
= Inax (;)l‘ u
Qe0 — < ) >7

where the last equality holds because (Qx!, @) is linear in terms of @, and Q is the convex hull of
Qy,4 for all ¢ and ¢. O
3.2 Reduction to online linear optimization

We apply the framework developed by |Gordon et al.| [2008| that reduces ®-regret minimization to
fixed point computation and online linear optimization. First, we show that each ) € O has a fixed
point in X.

Lemma 3.2. For every Q € Q, there exists x € X such that Qr = x.
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Proof. We prove this lemma by using Brouwer’s fixed point theorem, which claims that any contin-
uous function that maps a compact convex set to itself has a fixed point. Since X is a product of
probability simplices, it is compact and convex. In addition, @ is continuous since it is a matrix.
Thus it is sufficient to prove that Q) maps every x € X to a vector in X'. Let x € X be an arbitrary
vector. Let xy, be the block of x corresponding to 0; and @y, ¢ be the block of @ corresponding
to 6;,0]. Then zy, € A(4;) is a stochastic vector for each 6; € @lZ From the definition of Q, there
exists some stochastic matrices W € [0,1]9:*® and Q@hg; € [0,1]4%4 for each 6;,6 such that

Q;—iﬁ; =W (0;, 0;)(29“9; for each 0;,0, € ©,. Since Q;ﬁ;:pg; € A(4;) is also a stochastic vector, each
block of Qx corresponding to 6; € ©, is

> Qoome = Y, W(6;,6)) (Q;,6;$05> :

9;6@1' 9;6@1‘

This is a convex sum of stochastic vectors, hence a stochastic vector in A(4;). This implies Qx € X
for any x € X. From Brouwer’s fixed point theorem, there exists a fixed point x € X such that
Qr ==x. O

Next, we show that this fixed point can be obtained by eigenvector computation. As described
later, all the subroutines are variants of the multiplicative weights, and therefore, all entries of their
outputs are positive. We can assume that each entry of Q!, which is computed as a product of the
subroutines’ outputs, is positive for every t € [T].

Lemma 3.3. If all entries of Q € Q are positive, then we can compute x € X such that Qx = x in
time polynomial in |©;| and | A;|.

Proof. We apply the Perron—Frobenius theorem, which claims that any positive matrix has an
eigenvalue whose eigenspace is 1-dimensional, and any positive eigenvector is an eigenvector cor-
responding to this eigenvalue. From Theorem [3:2] there exists some x € X such that Qz = z,
which implies that @) has eigenvector 1, and z is its corresponding eigenvector. Since () is a pos-
itive matrix and z is a non-negative non-zero vector, Qx = x is also a positive vector. From the
Perron—Frobenius thereom, the eigenspace corresponding to eigenvalue 1 is 1-dimensional and con-
tains only a multiple of z € X'. We can obtain x € X by computing an eigendecomposition of () and
appropriately scaling the eigenvector corresponding to eigenvalue 1. Since @ is a |0;||A;| x |©;]| 4;]
matrix, its eigendecomposition can be computed in O(|0;|“|A4;|¥) time, where w is the exponent of
matrix multiplication. O

By using this fixed point computation, we can solve untruthful swap regret minimization with
a subroutine for online linear optimization with decision space Q. Let Q' € Q be the subroutine’s
output in round ¢ € [T]. Then compute a fixed point ' € Q that satisfies Q'z' = !, and let
z' be the decision for round ¢. For the subroutine, feed reward Ut e [0, 1](@ixAi)x(Qix4i) defined
by U'((0;,a:), (0}, a})) = u(0;,a;)z' (6}, al) for each 6;,0; € ©; and a;,a; € A;. We define external
regret for this subroutine as

T T
Rg = gle‘aé(;<@7 Ut} - Z<Qta Ut>

t=1

Then we show that untruthful swap regret Ras ; equals this subroutine’s external regret RS.
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T
Lemma 3.4. RUS = RQ.

Proof. From the definition of z!, it holds that Q'z! = ! for each ¢ € [T]. From the definition of U?,
the algorithm’s expected reward is

T T
;<Qt’Ut> :§<Qt i ( > ; Q! ) = Z<xt it

where the last equality is due to Q'z' = z' for each t € [T]. Similarly, the competitor’s expected
reward is

T T
max t:1<Q, Uty = ma > <Q,ut (a!) > _ %1352 (Qa',u')
Therefore, we obtain
T T T T
Ro =max} (Q.U") = > (Q"U") =maxy (Qu',u') =} (a',u') = Rus,,
t=1 t=1 t=1 t=1
where the last equality is due to Theorem O

3.3 Decomposition into small external regret minimization problems

Next, we reduce online linear optimization with decision space Q to small external regret minimiza-
tion problems. For each 6;,0. € ©; and a, € A;, we use a subroutine &y, 07 a; With decision space
A;. Moreover, for each §; € ©;, we use a subroutine &, with decision SpaéeZGi. In total, we use
|A:]|©:]? + |©;| subroutines.

The reduction proceeds as follows. Let yéhag’aé € A(4;) be the output of &, ¢: .+ and wy, € A(O;)
the output of &, in round ¢ € [T]. According to these outputs, we set Q'((0;,a;), (0}, a})) =
wp, (07)yp, o7 o (i) for each 0;,0; € ©; and a;,aj € A;. Note that this Q" is contained in Q, which
can be checked by setting W (6;, ;) = wp, (6;) for each 6;,6; € ©;.

In each round ¢ € [T, based on the observed reward U' = @'(z!) ", we feed the reward for each
subroutine as follows. For each &, g/ o/, the reward for decision a; € A; is @ (0., al)ul(0;,a;). The

T

T .
external regret Reiﬁ;,a; for 591.7947(1; is defined as

T
Re O = MAX » T L0:, al)ut (0, af) Z Z Yo, ! (a;)x" (0}, a)u' (0;, a;).
t=1 a;€4;

For each &, the reward for decision 0] € ©; is Y-, e a, Y. g o (@:)2' (0, a})u' (0, a;). The external
regret Rng_ for &, is defined as

9 = maxz Z 3/9“9* (ai)zt (6F, ab)a (6;, a;)

07€0;

t=1 a;,al€A;
T
S ) X sfo0e G 0
t=1 9;6@1 ai,a;€A¢
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The external regret for online linear optimization with decision space Q is bounded by the sum
of the external regrets for these subroutines as follows.

Rg < Z R .+ Z max Z Reuewa

0,€0; 0; E@

Lemma 3.5.

Proof. Recall that U? = @f(2*) 7. Since each extreme point of Q corresponds to a matrix (Q;QW
for some 1 and ¢, we obtain

T

max LUt
Qth:1<Q )

T

t ~t
= max x,Uu
QGQ;@ )

T

Z(wa Qqpt")

v @—>@¢ ®><A—>A

1/1 @—>@ ¢: ©; ><A —A; Z Z Zx (0 (z)(alvaz))

16@1(1 c€A; t=1

Z i Z Clgleazc 24 (0}, al)a' (0;, a;)

bico, €% 4 e t=1

¢ 11yt T
= 2 hax Z S 5 g 0O ) +
pic0, €% ica, | =1 area,

(due to the definition of Rg;%a;)

T
<D Nmaxd D D Ui g (@) (O )T O a0) + max S RG g

Gieei @ b t=1 a;EAi (liGAq; 9 667‘ ; A’L
T
t / t /
- Z Z Z wez(QZ) Z Z yei,eg,a;(az (92’ z) (917a1)+R9 +0H1€a®X Z R 1,0a
0;,€0; t=1 926@1' ageAiaieAi vl cA;

(due to the deﬁnition of ReTi)

T
- Z Q' U" + Z Ry + Z max Z Rewe, ' (due to the definition of Q' and U?)
t=1 0;€0; 0; e@ O al€A;
which yields an upper bound on RS = maxgeg S (Q, Ut — 3L (QF, UY). O

To obtain an upper bound on untruthful swap regret, we use the following upper bounds for
external regret minimization. These algorithms are based on the multiplicative weights, and their
output is always a positive vector.
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Theorem 3.6 (|Cesa-Bianchi and Lugosi, 2006, Theorem 2.2|). For an online learning problem
with rewards in [0,1], there exists an algorithm such that its external regret is bounded above by

%Tlog d, where d is the number of possible decisions.

Theorem 3.7 (|Cesa-Bianchi et al., {1997, Theorem 4.6.3|). For an online learning problem with re-
wards in [0, 1], there exists an algorithm such that its external regret is bounded above by 6+/u* log d+
2log d, where d is the number of possible decisions and u* is the sum of rewards for an optimal fized
decision over T rounds[™

These three-step reduction yields the algorithm described in Algorithm [3] Finally, we obtain an
upper bound on untruthful swap regret as follows.

Theorem 3.8. The untruthful swap regret of Algorithm[3 is bounded as

1
RUSl < \/QTlog |©;| + 6+/T|A;| log | A;| + 2| A;| log | A;|.

Proof. From Theorems [3.4] and [3.5] the untruthful swap regret of Algorithm [3]is bounded as

T T
Ris= < SR+ Y pus 3 Ry
0,€0; 969 O ’ cA;

Since the reward input to &, is bounded above by

max max > g0 (@2’ (0 ) (00, ) < maxamax D7y (a:)a' (0 aDoi(0) = pil00),
v ai,aQGAi al,ageAi
we can obtain the regret upper bound ROTi < pi(6;)y/ 3T log |©;] from Theorem Since the

reward input to &, ¢ o is similarly bounded above by p;(6;) and the total reward for each a; € 4;
is bounded above as

T
Z:E i) z elaal gz 17 z —pz ZT" i z

i a;) log |Ai| 4+ 2pi(0;) log | A;|. By

the Cauchy—Schwarz inequality, we have Y/ 4. 1- Zt L TH(05; al) \/|Az] Za I A Zt Lm0 al) =
\/|A4;|T. We thus obtain

ZRQTZ,—F Zgrpeaex ZR“(;, /

we can obtain a regret upper bound R 0l = = 6p;(0 \/Zt L (0%

0,€0; 0,€0; ¢ /EA
1
< 3 pilby[5TI0g 104 + S max pi(0:) (6+/TTAlog[Ai] + 2/ i log |Ai])
0,€0; 0,€0; g i

1
= \/iTlog |©;| + 6+/T|A;|log | Ai| + 2| A;i|log | A;l. O

13For simplicity, the constants are not optimized. We can instead use an algorithm with adaptive step size proposed
by [Auer et al.| [2002].
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3.4 Application to equilibrium computation

Now we apply the algorithm for untruthful swap regret minimization to equilibrium computation.
Theorem [2.17] claims that if each player minimizes the untruthful swap regret, then the dynamics
converge to an approximate communication equilibrium with strategy representability. However,
exactly simulating the dynamics requires the exact evaluation of rewards uf, which needs exponential
time in general. Instead, we estimate these values by random sampling and bound the error by using
Heeffding’s inequality.

Corollary 3.9. For any € > 0, there exists an algorithm that outputs a succinct representation of
an e-approximate communication equilibrium with strateqy representability with probability at least
1 -4 and runs in time polynomial in n, max;en |©;], max;en |4;|, 1/€, and log(1/6) with an oracle
for utility functions.

Proof. We estimate the value of u!(6;,a;) for each i € N, t € [T], 6; € ©;, and a; € A; by
2nT maxieN |®Z||A’L‘
o

generating 6% log samples of _; ~ p|6; and a_; ~ 7 ,(_;) and taking the average
of v;(0;,0_;; a;,a_;), where T will be set later. Let @!(6;, a;) be this estimation. By using Heeffding’s
inequality, we have

2
' i € 2¢¢ 8 2nT max;en |©;]| Al
Pr (‘ui(eiaai> — (0, ai)| > 1) < 2exp <_16 2 log 5
8

<
— nTmax;en(|©;]]4;])

for each i € N, t € [T], 6; € ©;, and a; € A;. By the union bound, with probability at least 1 — 4,
the additive errors of all the rewards are at most €/4.

We apply Algorithm [3] to these estimated rewards. For each player i € N, by using the upper
bound on untruthful swap regret in Theorem we obtain

T
Rys; 1 t t
a2 L0 H(0:.a:))] — LD,
T T 'll)rélzai(@z ¢: @friaA)f%Al tzl Qi]:gpi aiNWfI(Ezp(@i)) [uz( (3 ¢( 79 az))] aiNE(ei) [uz( ) az)]
1 d €
< 2t0.. (0. a:))] — 2H0: . a: T.=
- T {d)n@lzazi@z ¢: @f?(a'A)f—}Az =1 eiIEpi aiNW;EZ)(Qi)) [uz( (3 ¢( 1y az))] ai“’%(gi) [uz( [2) al)] + 2}

1 A;llog | A; 2 €
< \/QT log |©;] +6\/|Z’Tg‘Z| + T|Ai|log\Ai| +t3
<k,

where we set T' = max{i—Q8 log(max;en |©i]), % max;en |A4;|log |A;|}. From Theorem 7 is an
e-approximate communication equilibrium with strategy representability.

4 Lower bound for untruthful swap regret

Here we show an Q(4/7 log |0;|) lower bound on untruthful swap regret. As in the previous section,
this section focuses on an online learning problem with stochastic types for a single player i € N.
The subscript ¢ for A;, a;, ©;, 0;, 7!, and Ra&i is not essential in this section, but we put it for
notational consistency.
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Since a special case of our setting (the case of |©;| = 1) is swap regret minimization, an
Q(/T|A;|log |A;i]) lower bound given by [Ito| [2020] can be applied. Combining it with our lower
bound, we can argue that the leading term of our upper bound is tight up to a multiplicative
constant.

The main theorem of this section is stated as follows.

Theorem 4.1. Assume |A;| = 2, |6;| = 2B+ for some B € Z, and T is a multiple of B =
log, |©;| —1. If T > 27%°10;|?1log, |©;|, then for any randomized algorithm, there exists an oblivious
adversary for which the untruthful swap regret of the algorithm is at least 272%\/T log, |O;].

The assumption of T = Q(|0;|*log |©;]) is essentially used in the proofs. The other assumptions
on |A;|, |©;], and T are just for simplicity of the proofs and only affect the multiplicative constants.

We want to prove that for any randomized algorithm, there exists a deterministic adversary for
which the algorithm’s untruthful swap regret is lower bounded. From Yao’s minimax principle, it
is sufficient to show there exists a randomized adversary for which any deterministic algorithm’s
expected untruthful swap regret is lower bounded. In the following, we construct such a randomized
adversary.

Let A; = {ap, a1} be the set of actions and p; € A(O;) the uniform distribution over ©;. The
set of time rounds [T] is partitioned into B blocks of equal length L = T'/ B, where B = log, |0;|—1.
For each b € [B], we denote the bth block by T, = {t € [T] | (b— 1)L <t < bL}.

The set of types ©; is partitioned into ©) of size 28 and O of size 2B, The rewards for types
©! are determined by a bijection ¢: ©F — {0,1}? that associates each type in 6} € O} with binary
sequence ((0!) of length B. A bijection ¢ is latently generated from the uniform distribution over
all such bijections and unknown to the algorithm in the beginning. For each time round t € T in
the bth block, the reward u!(6;, ap) is defined by ¢ such that (6}, ag) = ¢(6})(b) for each 0, € ©.
On the other hand, the rewards for types ©/ are determined by a random map ¢: ©7 — {0,1}7.
For each 0 € ©! and ¢ € [T, the reward ul(0/,ap) = £(0/)(t) independently follows the uniform
distribution over {0,1}. For both ©} and ©, the reward for «; is defined by flipping the reward
for ay, i.e., ul(6;,a1) =1 —ul(6;,ap) for every type 0; € ©; and round ¢ € [T]. See Figure 2| for an
illustration.

Once ¢ and £ are fixed, the problem instance is determined. Then, since the algorithm is
deterministic, the algorithm’s decisions (Wf)tem are also determined. Furthermore, since in each
round ¢ € [T, the algorithm decides 7} according to the rewards observed so far, 7! is deterministic
if (C(07)(0))orcor perrt—1)/07) and (§(07)(t'))greor ve(i—1) are fixed.

The untruthful swap regret RSSJ- depends on the problem instance parametrized by ¢ and &.

We will develop an (/7 log |©;]) lower bound on the expected value E¢ ¢ [Rasz} This lower

bound implies that there exists some ¢ and £ such that RESJ = Q(y/T'log |©;|), which leads to the
theorem.

4.1 Analysis for randomly branching rewards

The goal of this subsection is to prove that the algorithm with low untruthful swap regret must
make significantly different decisions for types ©) (Theorem 4.4). Toward this goal, we first show
that the algorithm must select ag or o for the type with all 0 or all 1 binary sequence, respectively
(Theorem [4.2). We then show that the algorithm must make significantly different decisions for
“adjacent” types (Theorem . By taking the expectation over ¢ and &, we prove Theorem
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First, we prove that if the untruthful swap regret is small, for the type 9? € O] with ¢ (9?) =
00 - - - 00, the algorithm must choose ag for most of the rounds. Similarly, for the type 6} € ©} with
¢(0}) = 11---11, the algorithm must choose a; for most of the rounds.

Lemma 4.2. Fiz ¢ and &. For 69 € ©) such that (09)(b) = 0 for all b € [B], it must hold that
Z?zl (00 00) > T — |@i|R:LGS,i' For 0} € ©', such that ((0})(b) = 1 for all b € [B], it must hold
that Yo, 7(6}; 1) > T — |©;| Rl ;.

Proof. Let 6 € © be the type satisfying ((69)(b) = 0 for all b € [B]. We consider 1 and ¢ in

the definition of untruthful swap regret such that ¥(69) = 69 and ¢(0?, ) = #(6?, 1) = . Let
Y(0;) = 0; and ¢(0;, ) = « for all the other types 6; € ©; and any action o € A;. We thus obtain

T
R}, ;= max max E E ut(0,0(0;,0)] — E  [ul(6;,
USii = . 6,50; ¢: OixAi—A; — irp; awgw(ei))[ (6,6(0:, )] awg(ei)[ (03, )]
1 T
2 uf(0f,00) = E  [ui(6?,0)] ¢
Oil ; { ot (69) : )

Since ¢(69)(b) = 0 for all b € [B], we have u}(6?,ap) = 1 for all t € [T], which implies

RUSZ_’@’{T Zw }

Rearranging this inequality yields Zt L T(0Y; 0) > T — 04| Rls ;. i By applying the same argument
to 6! € ©/ such that ((6})(b) = 1 for all b € [B], we obtain Zt (0 00) > T — 1O, |RUSZ O

The previous lemma shows that for the type with ((6;) = 00---00 or ((6;) = 11---11, the
algorithm must choose the optimal action for most of the rounds. For the other types, we cannot
prove a similar claim since there exists a counterexample (see Section . However, we can show
that the algorithm must make sufficiently different decisions for some pair of “adjacent” types.

Fix any 6; € ©,. To define the adjacency for ;, we define a sequence of types as follows (see
Figure {4 for example). Let By and By be the numbers of blocks b € [B] such that {(60;)(b) = 0 and
C(6;)(b) = 1, respectively. We define the sorted indices by < by < --- < bp, of blocks such that
(0:)(br) = 0 for each k € [By]. Similarly, we define the sorted indices b7 < b5 < --- < bz of blocks
such that ((6;)(b)) = 1 for each | € [B;]. For notational convenience, we define by = b, = 0 and
bpo+1 =g, 1 =B+ 1.

For each k = 1,2,..., By + 1, we define the type v¢(0;,b;) € O} such that {(v¢(6;,by)) is the
binary sequence whose ﬁrst br_1 blts are identical to the prefix of ¢ ( ;) and the remaining bits are
all 1, i.e., ((v¢(6;,b5))(b) = ((6;)(b) for each b < by and ((v¢(0;,bx))(b) = 1 for each b > by_;.
Similarly, for each I = 1,2,..., By + 1, we define the type v¢(0;,b)) € O] such that ((v¢(0;,b))) is
the binary sequence whose first b)_; bits are identical to the prefix of ((6;) and the remaining bits
are all 0.

In the following lemma, we show that the algorithm must make significantly different decisions
for 6; and v¢(6;,b) in each block b € [B] if Rﬂs,i is small.
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¢()
ve(0,b1) | 11111
ve(fib2) [ 1:0:1:1:1
0; = ve(0;,b3) =ve(0:,0)) |1 0 1 1 0
ve(0i,03)[1 0 1 0 0
ve(0;,05) 1 0 0 00
ve(0:,61)]0 0 0 0 0
by by bl b by

Figure 4: An example of the definition of v¢. Given 6; € ©), we denote the block indices cor-
responding to 0 and 1 by b1,bo,...,bp, and by, b, ... b, respectively. We define the series
of types v¢(0;,01),v¢(05,b2),...,vc(0;,bp,),vc(0;,bpy4+1) = 0; such that their corresponding bi-
nary sequences gradually change from 11---11 to ((6;). Similarly, we define the series of types
v(0:,04),v¢(0i,03), . . ., ve (05, b, ), v¢ (03, b, 1) = 0; such that their corresponding binary sequences
gradually change from 00---00 to ((6;).

Lemma 4.3. Fiz ¢ and §. Let 0; € ©] be an arbitrary type. Then it holds that

Bo Bl
T
D> {05 00) = w0, br);a0) } + Y D {mh(0is an) — wh(ve (63, 0));00) } > 5 2|0i| R{js ;-

k=11€Ty, I=1teTy

Proof. We consider 1 in the definition of untruthful swap regret such that ¥ (v(6;,bg+1)) = v(0;, bx)
for each k € [By]. Let ¥(0;) = 0; for all the other types 6; € ©;. We use the identity map for
actions, i.e., ¢(0;, ) = « for all types 0; € ©; and actions o € A;. Then we obtain a lower bound
on the untruthful swap regret as

. t
USz =z E u; (Ve (05, bgg1), @) | — E i (Ve (05, b)) o -
|@ | Z:ltz; {amﬂrf(ug(@i,bk)) [ } anvml (v (05,bk41)) [ ]
(7)

From the definition of v¢(6;, by+1), the binary sequence ((v¢(0;, by+1)) is identical to ((6;) for the
first by blocks and all 1 for the remaining B — by, blocks. This implies that ul(v¢ (6, bgt+1), ) =1
for all blocks with indices by, ba, ..., b, and uf(v¢(6;,bk+1), 1) = 1 for all blocks with indices
brt1,bkt2- -, bp, and by, by, ... b . Each term on the right-hand side of for k € [By] can be
decomposed as

T
> E (i (Ve (0, b)), )] — E [ (Ve (0, by1), @)
=1 a7 (ve(0:.br)) vl (v (0:,bk41))
k
=3 > {7 w05, bi); 0) — 7 (w0, brr); o) }
K=1t€Ty,,

(4)
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Bo
+ Y Y w0, bk)s an) — wh (e (03, by ) o) }

K=k+1tET,,

(B)
By
)0 {05, br); 1) — 7 (w0, e ); ) }
=1 te’l;;
)

We take the summation of these terms over all k = 1,..., By. The sum of (A) forall k =1,..., By
is

By k
SN0 {mHwe(0i,bw); a0) — w0, bir); o) }

k=1 k'=1€T;,
By Bo

=33 % {whwe (8, bi); o) — w(ve (87, bisr); o) }

K'=1k=kteT;,,
Bo
=Y D {mwe(0s, bw); ao) — (e (85, By 41); 0) }
K=1t€Ts,
where the first equality is obtained by changing the order of summations and the second equality
is obtained by the telescoping sum. Similarly, the sum of (B) for all k =1,..., By is
Bo B

DY > {mi e br)s an) — w(we (B, brgr); o) }

k=1k'=k+1teT,,
Bo k-1

=33 ST (R0, ) an) — w8, br)s o) }

K=1k=1teT,,
Bo

=D > {mwc0i,b1); ) = w0, b))
k'=1 teTbk,

By using the telescoping sum, the sum of (C) for all k =1,..., By is
By By

SO w0, br); an) — wh(ve (63, bra ) an) }

k=1 1=1t€Ty

B
=> > {ml(wc(0i,01); 1) — 7 (v (03, bpyr1); 1) } -

=1 tE'TbE

By substituting these terms into , we obtain

Bo
0ilRYs; > ) 0 > {mh(ve(0i,br); ao) — w635 o) + (v (05, b1); o) — w (e (05, br)s ) }
k=1 teTy,
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By
+3 0> w8, b1); ) = 7 (B5500) }

=1 t€7;;

where we used v¢(0;,bp,+1) = 6;. Recall ((v¢(0;,b1))(b) =1 for all b € [B]. From Theorem we

have
ZZ (v (61, b1); n +ZZ (v (63, b1); 1) = T — |6 Rs ;-

k=11t€T, I=1 teTy,

By summing these two inequalities and rearranging, we obtain

Z Z {7T (9“040 — T (Vg(ez,bk) Oéo)—i—ﬂ (VC Qz,bk aq }+Z Z 91,041 > T — 2‘@ ‘RUSW

k=1t€Ty, =1 1€Ty

B B .
where we removed ), Zteﬁk T (ve(6;,b1);00) and D24 Zféﬁ; 7wt (ve (i, b1); a) from both sides.
Finally, by using 7 (v (6;, br); ao) + 7l (ve (65, bg); 1) = 1 for each t € [T, we obtain
Z S {70 00) — 27l (ve (0:, br)s ) + 1} + Z > m(0s501) > T = 2|04| Ris ;.
k=1t€Ty, I=1 teTy,

By using the symmetric analysis, we obtain
Z > w0 a0) + Z > {mh (055 00) — 27} (ve (05, 0));01) + 1} > T — 2|0;| Rs ;.
k=1t€Ty, I=1 teTy

By summing these two inequalities, we obtain

Bo By
Z Z {27} (0;; 0) — 27} (v (0i,br); o) + 1} + Z Z {27} (0;; 1) — 27 (v (0, b)); 1) + 1}
k=1t€Ty, I=1 €Ty,

> 2T — 4]6;| Ri;s ;.

Since ZkBil Zteﬁ,k 1+ 213:11 Zteﬁ; 1 =3 e 1 =T, by dividing both sides by 2, we complete the
proof. O

The previous lemma claims that compared to the decisions for the adjacent type v¢(6;,0), the
algorithm must choose the optimal action for type 6; more frequently in each block b € [B]. The
next lemma compares the algorithm’s decisions in block b € [B] for types whose binary sequences
first branch in block b, not only adjacent types.

For each b € [B] and a prefix p € {0,1}>71, let Z,; and Z,; be the sets of types whose
corresponding binary sequences have the prefix p and the next bit is 0 or 1, respectively. Formally,
we define Z,, o = {6; € O | ((6;)(V)) = p(b') (V0 < b), ¢(6;)(b) =0} and Z,; = {6; € O | {(6;)(V') =
p(b') (Y0 <b), ¢(6;)(b) = 1}. Note that Z, o and Z,; are random variables determined by (;. Let
1, =1,0UZ, 1 be their union, which is determined by (,_;.

In block b, the optimal action is o for types in 7, and aq for types in Z, 1. In the following
lemma, we show that the average decisions for 7,9 and 7, are sufficiently different with some
constant probability.
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Lemma 4.4. Assume

E [Rls;) <27%\/Tlog, |6i.

3
Then it holds that

v

o] t~
| —

Pr E| E § m(0i0)| — E E mi (033 00) | | oy o1 | >
b~[B,Cos€p—1, \ & | OinIpo T 0;~Tp 1 s
pf0,130 ’ ’

Proof. Since Theorem holds for any 6; € ©, it holds in expectation for any distribution of 6;.
In this proof, assuming that 6; follows the uniform distribution over ©}, we take the expectation of
Theorem [4.3] with respect to ¢, &, and 6;.

The expected value of the right-hand side of Theorem [4.3]is bounded as

T
K [—mez»m.’-js,i} , ®)

T
=~ —2|6| E [Rls,;] >
e |2 | l’c,s[ Us.] 2

2

=

where the inequality is due to the assumptions E¢ ¢ [Rasﬂ} <2728, /Tlog, |0;] and T > 2-4°|0,|2log, |O;].
The expected value of the left-hand side of Theorem can be decomposed for each block as

By By
E Z Z {7l (0;; 00) — i (ve (05, bi); o) } +Z Z {7l (053 00) — i (ve(65,0);01) }

(,&,0i k=1 te,ﬁ’k =1 ten;

B
=2 Pr CO)®) =0) E | > {mi(6:5a0) = mi(ve(0:b);c0)} | C(6:)(b) =0

b=1 ‘ Sl =
+ Br@C0)®) =1) E | > {0 b)sa0) = wi(0i00)} | COB) =1/ o 9)
&0 | foT

where we used 7} (6;; ag) + 7L (05 00) = 1 and 7k (v (65, 0); an) + 7k (v (0:,0); 1) = 1 for each t € [T).
We take the expectation separately for each b € [B].

First, we take the expectation conditioned on observations from the first block to the bth block.
Let ¢, and &, be the part of ( and £ that is revealed until the end of block b € [B]. Formally, we
define ¢, = (C(0:)(V))g,corpep and & = (£(6:)(t))g,cor tepr)- If we condition on ¢, and &, the
algorithm’s outputs (Wf)te[bL] until the end of block b are deterministic. Therefore, conditioned on
Cbs &, and 6;, only v¢(6;,b) is stochastic in the term of which we take the expectation in @D Recall
that v¢(6;,0) is defined to be the type with the corresponding binary sequence equal to ((6;) before
block b — 1 and all 1 (or 0) after block b if ¢(8;)(b) is 0 (or 1, respectively). Let p € {0,1}°~! be
a random variable that represents the prefix of ((6;). Since ( revealed after block b is uniformly
distributed, if the bth bit ((6;)(b) is 0, then v¢(6;,0) is distributed uniformly over Z, ;. We thus
obtain

E Z{Wf(@‘;ao)—Wf(Vc(eub);Oéo)} Cbs b ZZ{Wf(@;Ofo)— E [Wf(eé;ao)]}. (10)

/N
S teTy, teTy, 0i~Tpa
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Next, we take the expectation over #; conditioned on (; and &,. Since 6; is uniformly distributed
over O}, the prefix p follows the uniform distribution over {0, 1}b_1. Then we obtain

E Z {77;?(9,;;040) - K [Wf(eg;ao)]} C(0:)(b) = 0,Cp, &b
0i teTy 0i~Ip1

= E |E|D {mbisa0)— E [w(6j00)] ¢ | ((6:)(b) = 0,p is a prefix of {(6:), (. &
p~{0,1}b-1 1 6; e, 0/ ~TIp 1

- B A, = o] - E [wesen]}. (1)

pN{Ovl}b71 teTy GiNIZLO eiNIp,l

Finally, we take the expectation over (, and &, which determine 7! for each ¢t € [bL] and the
partition (Z,0,Z,1) for each p € {0,1}*~1. By combining it with and , we obtain

E > {7 (055 a0) — wh(we (0, b): ) } | C(6:)(b) =0

&b |

= E { E [m(0i;00)] — E  [7(0i; x0) }
C,f,p'\/{o,l}b71 te']’b elN p,0 [ ] 61/\/ p,1 [ :|

By applying the same argument to the case of ((6;)(b) = 1, we obtain

E | {m(vc(6i,b); c0) — m{(6i500)} | C(B)(b) = 1

&b |
= E E [xt Oi;00)| — E t 0;; ag }
<,§7pN{071}b—1 ;) {HiNZp,o |: Z( K3 )] aiNIp,l [ l( t )]

By plugging these expected values into @ and bounding it by the right-hand side , we obtain

T

Z E Z{QE [Wf(«%;ozo)]— E [Wf(@i;ao)]} ZZ.

~ b—1 i~ 0~
bG[B} Cvévp {071} t€77, K p,0 7 p,1

By dividing both sides by B and taking the conditional expectation, we obtain

|

S{, & Fose) -, & [osa) ) |66 | =

E E
bN[B]ycbafbflva{Ovl}b_l Cvg te% giNIp,O 0;~. p,1

Since I, 0, Zp1, and (7!)se7; are determined only by ¢, and &, we can replace the expectation with
respect to ¢ and £ by the expectation with respect to &. By applying Theorem proved below,
we complete the proof. O

In this proof, we used the following lemma.
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Lemma 4.5. Fiz 2,y € R such that 0 <y < z. Let X be a random variable whose value is at most
x. IfE[X] >y, then Pr(X >y/2) > L.

Proof. By Markov’s inequality to z — X, for any € > 0, we obtain

Ble— X] _
r—4%—e” x—

r—y

Pr(XS%—i—e):Pr(a:—sz—%—e)g

ol

By setting sufficiently small e € (0, %), we obtain Pr (X < 4 4+ ¢€) <1— . By considering the
complementary event, we obtain Pr(X > y/2) > Pr(X > y/24¢) > o-. O

4.2 Assignment of types

The goal of this subsection is to define an assignment . .: ©7 — O/ such that against the reward
sequence for each 0 € ©7, the decision for ¢ .(0}) € @; achieves significantly better than 7'/2.
In the previous subsection, we showed that if the expected untruthful swap regret is small, the
algorithm must take decisions different for Z, 5 C ©! and I,1 C ©! with some constant probability
(Theorem [4.4). We consider assigning these decisions to the rewards for each 6/ € ©. Since these
rewards are determined by the independent random variables £, the total reward obtained by any
decision is L/2 in expectation for every block. Intuitively, if the decisions for Z, o and Z,; are
sufficiently different, then the better one fits the rewards for 6/ € ©/, thus achieving the expected
reward L/2 + Q(v/L) due to anti-concentration.

A simple but failed approach is to decide ¥ ((0;) independently for each ¢ € ©]. For each ¢
and &, this approach iteratively selects Z, o or Z, 1 whose average decision achieves better for the
rewards of 0/ as follows. First, let p be the empty sequence. For each b=1,2,..., B, we assign 6
to 0 if the average decision for Z, is better than that for Z,; against the reward sequence of 67,
ie.,

E |> E [u o)) > E E [0, o)]
0/~Tp 0 teTy armt(6]) 0/ ~Tp 1 ey ar~mt(0})
and 1 otherwise, and we then add the selected 0 or 1 to the end of p. Finally, we set w’c?g(ﬁg’ ) = ¢ Np),
where (71: {0,1}F — O/ is the inverse map of the bijection (. This assignment process is done for
each 6/ € ©7 independently. This approach has the following two issues.

e Since the assignment is independent for each 0] € ©7, the assigned types (Y¢ ¢(6;))orcor
might be unbalanced, that is, for some (,_1, &_1, and p € {0,1}*~1, there is no 8/ € O/
that is assigned to Z, o or Z, 1 conditioned on (;—1 and & _;. If the average decisions for Z, o
and Z,,; are sufficiently different for all p € {0,1}°~% with any b € [B], then this assignment
is enough. However, Theorem guarantees this condition only with a constant fraction of
p and b. If the algorithm is manipulatively designed, this condition may fail to hold with a
significant probability for each (y_1, §—1, and p that 6/ € ©Y is assigned to.

e The assignment for each block is decided according to the average decisions for 7, o and Z, 1.
However, to obtain a lower bound on the untruthful swap regret, we need to prove a lower
bound for the decision for ¢ ¢(6/), not the average decision for Z, g or Z, 1. The selection of
Ve e(0)) from I, o or Z,,; depends on the assignment in the future blocks b,b+1,..., B. If the
algorithm is manipulatively designed, the distribution of ¥¢ ¢(6) can be far from the uniform
distribution over Z,, o or Zp, 1.
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To overcome these two obstacles, we use another definition of 1/}275. The assignment process
for each ¢ and £ proceeds as follows. Let J = ©, which is supposed to be J, with the empty
sequence p. For each b =1,2,..., B and each p € {0, 1}b_1, we partition [J, into two subsets [, o
and Jp1 of equal size. To decide this partition, we add an arbitrary index for each type in J, as
Jp = {j1,42, -, Jap-v41}. For each k € [2P7°], we add one of {jox_1,j2x} into Jpo and the other

into Jp,1. Conditioned on ¢, and &1, we consider the distribution of

E Z E [uf(jor-1,0) —uj(jor,0)] | — E Z E  [uf(jor—1, ) — u(jor, )] | ,
0/ ~Ip 0 teT, aNT(E(Qg) 0/~Tp 1 teTy oz~7rf(9§)

(12)
whose randomness comes from the randomness of &,. This value compares the average decisions for
Z,0 and Z, 1 in terms of the performance difference for the rewards of joi_1 and joi. For the upper
50% of this distribution, we set jor—1 € Jp0 and jor, € Jp1. For the lower 50% of this distribution,
we set jop—1 € Jp,1 and jor € Jp0. Since this is a discrete distribution, there might be arbitrariness
in how to divide the mass on the median, but any division is allowed. In the end of this process,
for each p € {0, 1}B, the assigned type J, C O is a singleton. Recall that Z,, is also a singleton for
each p € {0,1}2. For each p € {0,1}7, we define Vg ¢(0)) = 0, where 0; € I, and 0] € J, are the
unique element of Z,, and J,, respectively.

This assignment addresses the two issues described above as follows.

e The first issue is caused when (¢} ((0;))grcer is unbalanced over ©;. To avoid this issue, we
consider all types in © at the same time and partition them into equally sized subsets in each
block. This guarantees that w’“: O — O/ is always a bijection. Therefore, for any b € [B],
p € {0, 1}b*1, Cp—1, and &1 such that the average decisions are sufficiently different for 7, o
and Z, 1, there is some 6/ assigned to it.

e The second issue is addressed by assigning each type in J, to Jp 0 and Jp1 with equal prob-
ability. Since this partition applies recursively, wé g((92’) follows the uniform distribution over
Z,. This is formally stated in the following lemma.

Lemma 4.6. Let b € [B] be an arbitrary block index. Let (, and & be any realization of ¢ and &
for the first b blocks. Let p € {0,1}° be an arbitrary bit sequence of length b. For any pair of 0, € I,

and 0 € Jp, it holds that
1

?g (Ve e(07) =07 | G, &) = 9B

Proof. Fix any b € [B], ¢, &, p € {0,1}%, 0, € Z,, and 0! € J,. Let Fy be the event that 0, and
Y. ¢(0) are in the same partition in the b'th block. Formally, F is the event that 0] € 7,y and

0! € J,y hold for some p' € {0,1}*". By induction, we prove

1
P / = — 1
br (For | Cbs &b) b (13)

for each o' € [B] such that b < < B.
For the case of ¥/ = b, since 0, € Z, and 0! € J,,, we obtain

E)g(Fb | Cbagb) = ]-7

)
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which proves the base case.
Fix any V' € [B] such that b < ¥ < B — 1. Assume holds for #'. For any p’ € {0,1}" that
has p as a prefix, we have

E’g (0 € Ty 0,67 € T | & &)

— Fg (6; € 0,0/ &)
X ]C?g (9; S Ip/,O ‘ Cb?gbae € Ip 79;/ € jp) (0” € jp’ 0 ‘ Cbagbag € Ip',0797/,’, € jp’) : (14>

Conditioned on ¢ and &y, whether 0 € 7,y o or 0 € Z,y 1 holds is determined only by the randomness
of the (b’ + 1)th block of ¢. The second factor of is

Pg (0; S Ip/,o } Cb,gb,eg € Ip/,ggl S jp/)

= E [g(e € Ty | Gy 6y 0h € Ty 00 € Ty) ‘cb,gb,e’ezp,eg’ejp/
b/,fb/ El

|: ‘Cbaéb’ezgz—p792,€jp:|
Cb/’ﬁb/

—— (15)
Conditioned on (41 and &y, whether 0! € 7,y o or 6/ € Jyy 1 is determined only by the randomness

of & 11. Since we decide it according to whether the realized &y is in the upper 50% or lower
50% of the distribution of some random variable, the third factor of is

]C-Dg (6;/ S jp’,o ‘ Cb7€bveg € Ip/,()?eflil € jp’)

= c ]Eg |:P£ (97{/ S jp’,o ‘ Cb’-i—lagb’veg € Ip’,O? 2/ € jp’) ‘ Cbagb)ag € Ip’,()?eé/ € jp’
b/ +15Sb/

1
o [2 ‘ Cbs &, 0 € Ly 0,07 € Ty
Cb’+1»§b’

By plugging (15]) and ( into ., we obtain

1
Pr (6] € Iy 0,0] € Ty | 4. &) = 1 Pr (0] € Z,,, 6 &) -
£ 3
In the same way, we can obtain
1
Pr r(0; € Ly 1, 0] € Ty | Gy &) = (0’€Ip,9§’ &) -

Then the probability of Fpyq is

Pg (Fors1 | Co,6p)

)
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= Z ]C.:)g (9; S Ip/,0£/ S jp’ } vagb)

p/E{O,l}b +1
= {lgg (6 € Ty 0. 6! € Ty | G 6) +Pr (6 € Ty, 07 € Ty | m)}

p’E{O,l}bl 7 7

1 1
— {4 ?E (0; € Ty, 0! € Ty | & &) + 1 1<3£ (0; € Iy, 0] € Ty Cb,ﬁb)}

p’E{O,l}bl 7 7

1
=3 Z Fg (6; € Ty, 0] € Ty | b: &)

p'€{0,1}? 7

1
=50 (For | Cbs b)

1 1 . . .
=5 (from the induction hypothesis)
B 1
b1

which proves the induction step.
By induction, holds for each b < ' < B. By considering the case of ¥/ = B, we obtain

1
Fg (FB | Gy &p) = 3B 5

)

From the definition of 1/12 ¢+ the event Fp implies wé 5(6’1/-’ ) = 0%, which completes the proof. O

4.3 Analysis of the expected reward in each block

In Section we showed that the average decisions for Z, o and Z, ; are sufficiently different with
a constant probability. In Section we defined the assignment ¢ .: ©] — ©; such that J;0
and 7,1 correspond to 7, g and Z,, 1 in each block, respectively. The next lemma claims that if the
average decisions for 7,9 and 7, ; are sufficiently different, the average decisions for Z, o and 7, ;
achieve L/2 + Q(\/f) for the rewards of J, 0 and J), 1, respectively.

The proof proceeds in the following steps. First, by introducing variables Yé, and Z!, for each

07 € © and t € Ty, we express the expected value achieved by the assignment as .l The first
term of is equal to L/2 as shown in . The remaining term of can be written as a
random walk term Dj™> with a sign hg(&) as shown in (2I). To bound it by a term without
hi(&), we define a more tractable hj (&) and obtain . We bound by using Doob’s optional
stopping theorem. Combining all these inequalities, we prove the following lemma.

Lemma 4.7. Let b € [B] be an arbitrary block index. Let (j, be any partial realization of ¢ revealed
until the end of the bth block. Let &,_1 be any partial realization of & revealed until the end of the
(b — 1)th block. Let p € {0,1}*=1 be an arbitrary bit sequence of length b — 1. Let ¢ € [0,1] be an
arbitrary non-negative constant. If

teg. _ teg.- > e
E|Y B [rseo] = B 00| Gt | = cL
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then

1 1
El; E E [u@ ]| +5 E |> E [u a)]||G&
& 29 ZJ te,ﬁ)aNﬂﬁ(O;) 2905,:?71 teTbaNﬂf(@;)

Proof. Fix b € [B] and p € {0,1}*~!. We define random variables

Xo= E [m(0;a)] and  Xi= E [m(0}a0)]
0;~Ip,0 0;~Ip,1
that represent the average decisions for Z, g and Z,, 1 for each t € T;,. Note that they are deterministic
if ¢ and &, are fixed. If we apply the average decision for 7, to the rewards for each 6/ € 7,, the
expected total reward in round ¢ € Ty, is

E [uf(8, a)]]

ar~mt(0})

= B [m(0;a0)ui(0], a0) + mi (05 a1)u; (0], 0n)]

/
0;~Ip,0

= E [m(0;00)]uit,a0) + E [m(0;a1)] ui(6], 1)

= Xe(6)(0) + (- X5~ €8)(0).

Similarly, if we apply the average decision for Z, 1, the expected total reward is

E

/
0;~Ip,0

/ E
eiNIp,I

E [, 06)]] = X18(07)(t) + (1 — X1)(1 = £(67)(1))-

o (07)
For each 0/ € ©/ and t € Ty, we define random variables
Xt + Xt Xt + Xt
g = S Mo + (1- 255 - geno)
and X Xt Xt — Xt
Zgy = —2—LE(0])(t) — %(1 —&(0))(1)),

which are determined by (; and &. The total reward of the average decisions for Z, o in block b is

5 | By, 0] = 3 om0 o - oo

teTy ’ teTy

_Z Y +Zt,,

teTy

Similarly, the total reward of the average decisions for Z,, 1 is

5 B g 10 - S 0 059000

teTy Oi~Ipa teTy
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= S0 - 2y

teTy

The left-hand side of the inequality is

1 trpnl 1 trnl
El; E E |u(0;,« fIE E [ul(0), «a &
& 2 0!I, 0 = a~7r£(9;)[ z( i )] 2 T, Zawwf(@é)[ 1( i )] Cb gb 1
0/~ ’ T
1
=E |z E (Yt// + Zt//) + - Y,, Zt,,) Cb;fb—l
& | 26/~Tp0 tez;z b bi 2 9”~Jp1 tETb b o;
1 1
=E SVl +5 B X Z| -5 B D Zh| | GG (18)
s ONNJ” teTy 207 ~Tpo teT, 0~ e,
where the second equality is due to J, = Jpo U Jp,1-
The first term of . is
, ZYN G, Eb—1
%; 57? teT,
X+ X1 X§+ Xt
x| 5 | {5 o+ (1- 25 a-eonn}| | o
gb eglep te%
Xt 4+ xt Xt + Xt
- B | e[F oo+ (1- ) a-aono) | a6
97; ij t€7-b§b

Here we note that 7, is determined by (,—1 and &_;. Since X} and X! are determined by the
algorithm before £(0!)(t) is revealed, % and £(67)(t) are independent. Then we can take the

expectation of XX and £(07)(t) separately. It is also the case for 1— 02X1 nd 1-£(0))(t). Since
each entry of ¢ follows the uniform distribution over {0, 1} independently, Ee, [£(6))(t) | Cb, §p—1] =
Ee, [1 —£(07)(t) | Gy &p—1] = 1/2. We thus obtain

D Y| | Gl

0// jp

tE'Tb
1 [Xt+ Xt 1 Xt + Xt

= E Z{2E[021 Cbafb—l] 2E[ % ijfb—1]}

Giij t67—b Eb g
_ 1l

2

L
= _. 19
' (19
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Next, we give a lower bound on the second and third terms of ([18]). Since Zet,// can be expressed
as '
Xt Xt _ Xf Xé_Xf

- Xt 2001 N (t) =
X~ Koy - XN <1—§<e;'><t>>:{_)?5_xf N
2

1
if £(62)(1) =0,

the cumulative sum (Zt'eTb: v<t Zeté,) T can be regarded as a random walk with varying step size

Zt/_/ -
2

u’ for each 0 € J,. The step size in round ¢ € Ty, is determined by the algorithm that has not

observed £(0)(t) for any 67 € ©7 yet. Since X} € [0,1] and X! € [0, 1], the step size is bounded as

t__ vyt
XX ’ € [O, %] for each t € Tp.

Recall that how to partition {jox—_1, jor } into Jp 0 and Jp1 is determined independently for each
k € [2B7%]. This is decided by the value of (12), which can be expressed as

E Y, E [ui(or-1,0) —w(or,0)] | = E > E [uf(jor-1,@) — uf(jor, )]
0/~Ip 0 ey ar~mt(0}) 0/ ~Tp 1 teTy arrt(6])
_ t t t t t t t t
- Z (Y]% , T Z]Qk 1) Z (YJQk + Z]Qk) - Z (szk 1 Z]Qk 1) Z (Y;Qk Z]Qk)
teTy teTy teTy teTy
= 2 Z ( ij 1 J2k> '
teTy

By considering the distribution of this value conditioned on (j and &§,_1, we set jor—1 € Jpo for the
upper half of this distribution and jor—1 € Jp,1 for the lower half. We define the function hj such
that hy(&) = 1if jor—1 € Tpo and hi (&) = —1 if jog—1 € Jp1. Note that hy (&) might be random
on the median of the distribution.

Let D} = doveT: <t (Z;;k — th;k) be half of the cumulative sum of this value until round ¢.

From the definition of Ze,,, we have

DIt with probability 1/2 (if &(jor_1)(t)
Dj, = Db+ (X§ — X1)  with probability 1/4 (if £(jog—1)(t)
D=1 — (X} — Xt)  with probability 1/4 (if £(jax—1)(2)

§(g2r)(1))
Land £(jar)(t) = 0)  (20)
0 and &(jor)(t) = 1),

where X} — X! is determined by the algorithm that has not observed &(jor—1)(t) and &(jax)(t) yet.
The second and third terms of are expressed as

! E Z Zt;' - ;QI/NE Z Zt;/ Cby Ep—1

& | 26/~Tp0 ety ~Toa | feT
1 2B—b 1
- W 25 Z J2k—1 Z Jok gbvgb—l
k=1 "% teTy teTy
1 9B—b
= 9B—bi1 > B [ (&) Dy | Gos 1] (21)
k=1
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where t.x = max 7 is the index of the last round in block b.
In the remaining part of the proof, we fix k € [287%]. Let F be the event that |D,t€’ > Y ff’L for

some t € Tp,. Let Fy be the event that D} > \/ZTL for some ¢ € T, and F_ the event that D} < ‘/ZTL
for some ¢t € Ty. Since Pre, (F | (b, &p—1) < Pre, (Fy | Gy &p—1) + Pre, (F— | b, &p—1), one of F or
F_ happens with probability at least Pre, (F | (p,&—1)/2. Assume Pre, (Fy | Gy &p—1) > Pre, (F |
Cb, §p—1)/2 without loss of generality. For the case of Pre, (F— | Gy, &p—1) > Pre, (F | Gy p—1)/2, we
can prove the statement in the same way.

We define h). as follows.

e First, we consider the case of Pr(Fy) > 0.5. In this case, we set h}(&) = 1 for the upper
part of 0.5/ Pr(F}) on the distribution of D;™> conditioned on ¢, &1, and Fi. We set
hi, (&) = —1 for the remaining part of 7 and the complementary event F¥.

e Next, we consider the case of Pr(Fy) < 0.5. If F; holds, we set h} () = 1. If F; does
not hold, we decide hj (&) = 1 or hf (&) = —1 by considering the distribution of Djmx.
For the upper part of probability (0.5 — Pr(F))/(1 — Pr(F4)) on the distribution of Dj™»
conditioned on F¢, we set hj (&) = 1. For the lower part of probability 0.5/(1 — Pr(F4)), we
set hy (&) = —1.

In both cases, the mass on the boundary can be arbitrarily partitioned so that the above constraint is
satisfied. Note that hj satisfies the constraint Pre, (R} (&) = 1| G, §p—1) = 0.5. Since hj, maximizes
Ee, [hk(&,)DZH““ ‘ Q,,fb_l] under this constraint, we have

%E [P (&) Dy | Gy &) > %E [R}(&) D= | Gy 1] -
b b
In the following, we prove a lower bound
1
EE [P (&) Dy | Gy 1] > 3 1;1" (F | Cb,fbfl)gi (D | Gy &1, Fit ] (22)
b b

on each term of . Since DZ is a random walk specified as , it is a martingale. There-
fore, Fe, [Dima" ‘ q,,,gb_l] = 0. From the optimality of hg, the left hand side of is non-
negative. If Fe, [Dzm" Cb,§b,1,.7+] < 0, immediately follows. In the following, assuming
Ee¢, [Dzmax ‘ Ch, Ep—1, ]-}] > 0, we prove for each case separately. Let D be the maximum value
of D™ when h} (&) = —1 and F¢.

e First, we consider the case of Pr(F;) > 0.5. It holds that

%E [Dm= | oy &p1]

b

1
— _ E Dtmax
2 & [ k

o601, 14(65) = 1) + 5 E [DE™ | Guyor.Hi) = =1

where we used the fact that the probabilities of h}(&) = 1 and hj (&) = —1 are both 1/2.
Combining it with K¢, [Dzmx Cps §b_1] = 0, we obtain

N =
N =

EE (D [ G G (&) = 1] = = EE (D | Gos b1, B (&) = —1] .
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We thus obtain

EE [Pk (&) Dy | Co,y 1]
b
> E [h},(&) Dy | Gy, &o-1] (due to the optimality of hy)
&b
1
5?3 (D= | Gy, Ep-1, b (&) = 1] — 525 (D | Gy, &1, by (&) = —1]
b
= EE (D= | Gy, &p1, M (&) = 1]
>E [Dtma" } Cp, Ep_1, ]-"+] (since h},(&) = 1 holds for the upper part of F)
&b
1
> §Pr (F | G &o-1) E (D= | Gy Ep1, Fy ] -
&b &b

o If Pr(F}) < 0.5 and Dj, > 0, the former part of the proof in the previous case also applies to
this case. The remaining part is

E [hi(&)Dyme
&b

> [ [Dpme
&

Cbs p1]
Cos &1, My (&) = 1]
=Pr (Fi | G &1, Hy() = 1) E (D | Gy b1, For hip(&) = 1]
+ ff’br (F5 | Gor o1, (&) = 1) E (D= | Gy €p1, FS b (&) = 1]
> fgbr (Fi | Cor &p1, B(&) = 1) g (D | Gy, €pr, Fs (&) = 1]

P _

_ rﬁ,b (F4 | G Ep—1) Dl
Prg, ( (&%) =1 ‘ s Eb— 1) &b

= QPT (F+ | Cos &b 1) [Dtmx

gb? é‘b—la 'F'f']

o &1, Fo)

C_ba gb—lv‘F‘F] .

l\.’)\r—l

(f | by &b 1)6 [Djme

The first inequality is due to the non-negativity of Dtmax conditioned on F§ and hj (&) =
which is implied by D > 0. The second equality holds because F4 holds only when R} (&)
The last inequality is due to the assumption Pre, (F4 | G, &—1) > Pre, (F | G, §b,1)/2

o If Pr(Fy) < 0.5 and D} < 0, we obtain

EET [P (&) D= | G, €]

> E [R(&) Dy | G, €p1) (due to the optimality of hy)
= PT (F | Cor &b 1) [Dt“‘“ Cor b1, F ]
+ PI' (Fi7 h’/ =1 } vagb 1) [Dtmax Cb7£b—lafj-7 h;c(fb) = 1]
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- PI' (Fi7h’l éb =-1 ’ Cbugb 1 [Dtmax

Cor Ep—1, F5, hyp (&) = —1]

> Pgbr (f+ \ Cb,fb—l)g‘l [Djme vagbflaf"—i—]
+P1" (FS, (&) = 1| Gbs 1) D, — Pf (FS$ hi(&) = =1 | Gy &o—1) Df,
Cb’Eb—l,er]

212 (f+ | Cb,s & 1) [D e
1o
2

Pr(F |G E D™ | Guor, ).

The second inequality is due to the definition of Dj. The third inequality is due to the
negativity of D;; and Prfb ( —?—7 h‘;c(gb) =1 | Cbagb—l) < Prgb ( -‘i,:-a h/ (gb =-1 ‘ Cb)gb 1)

We thus proved . In the remaining part of the proof, we give a lower bound on each of
Prrfb (f ‘ gb?&b—l) and Efb [DZmax vafb—17f+]'
First, we show that the expected value of Dzma" is at least —”fL conditioned on F;. Let t%

be the first time round that D} > —‘ffL holds, which is well-defined conditioned on Fy. For each
t € Ty, if we condition on Fy and t} = ¢, we have

E |:Dg+1 ‘ va&bflvf-fﬂti = t:| :If% |:D}tgl ‘ Cb7§b*17f+7ti = t:|

for any ¢ > t because whether the events F, and t* = t hold is determined until round ¢'. By
considering the expected value for different ¢ separately,

?[Dzmax ‘ Cb7£b—17f+ ZPI' t+ =1 ‘ Cb)gb 17f+) [Dtk‘max | Cb?éb—17f+7tj» = t]
b teT, &

—ZPI‘ t+—t‘Cb,§b 1,f+) [Dk|gb7£b 17f+7t+_t]

tETb
VAL
> ng (=t Fy) — (from the definition of %)

teTy

_ \/437 | (23)

Next, we provide a lower bound on Prg, (F | (3, &,—1) by using the assumption

E
&y T,

E [ri(0500)] — E [0 00)]| | G &p—1| > cL.
0i~Ip.0 0i~Tpa

Using random variables X and X!, this assumption can be written as

Xt - Xt 4] >e
t~7;,,5b [| X6 — XT| | Gbr&p1] = ¢

By applying Theorem [£.5] we obtain

2
i yt\2 5 €

Cb,fb—1> = b,ébOXO Xi| > ’Cbafb 1) g
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We thus obtain

t )2 ¢ )2 ¢ _ L
E|Y (X6-xD"|G&a| =L E [(Xb-XD* |G| =L-5- T =252 (2
&b teTy t~Tp,Ep

/ / 2 . .
We show that a stochastic process (D})? — 1 doveTy: <t (Xé — X1') fort € Ty is a martingale.

We denote by F; all the events that happen until the end of time round ¢. Conditioned on F;_1,
the expected difference is

1 / N 2 1 , N 2
t\2 t t t—1\2 t t
(DD -5 3 (M -X) |t For| -0 -5 3 (xE-x)

teT,: t'<t teTy: t/<t—1

=B = (D)2 | Gutyr. Fit] = 5 (X = X1’

= E[(D = DD} + D) | G Fct] = 5 (X5 = 1)’

= g (D}, — D;7 Y (2D, + (D}, — DY) | Gor &o—1, Fra] — % (X5 — Xf)Q

= 2D, E[D = D | Grr. Fica] + B (D = DL | Gt Fi] = 5 (X5 - X1)°

=04 1 (Xb - X)? - 5 (x) - X1)’ (since (€0))

=0.

We define the random variable t* € T such that

o min {t €T ‘ |D}| > ZSL} if F holds
tmax otherwise

is the time round when | D} | exceeds ¥ ‘fL for the first time if F holds. Since the stopping time ¢* is

bounded above by tpax, we can apply Doob’s optional stopping theorem to the martingale defined
above and obtain

E |(Di )" - Z (Xé—Xf)Q Gy &p—1| =0.

& teTy: t<t*

Since ZteTb: P (Xé — X{)2 is 0 if F does not hold and bounded above by L if F holds, we have

E Z(Xé_Xf)Q vaéb—l

&b teTy

:£E > (X6~ XD | G o1 | +E > (Xt = XD)? | G &

teTy: t<t* b lteTy: t>t*

< g [(D?)Q ‘ Cb@bq] + Ebf (F | Grép—1) L
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= 1;1" (F | Cb:gbfl)g": [(Df:)g ‘ Cbafbflaf] +P£b1" (F| Gy &p—1)E [(Df)2 ’ Cb,&)fl,}_c} + 1;1“ (F | ¢y &p-1) L

b

3 2 37\ 2
ngbf(]:’%fb—l)( ZL+1> +1;r(fc\Cb7§b—1)< ZL> +f£b1“(]:’Cb7§b—1)L
3
S4L}€)br(~r|€b7£b—l)+cl-6[/7

where we used ¢ < 1, VL < L, L > 1, and Pr¢, (F¢ | G, &—1) < 1 for the last inequality. Combining
it with , we obtain
AL/8—c3L/16 é

. 2
4L 64 (25)

lgbr (‘F ’ Cbng—l) >

Plugging and into , we obtain

1 1
E|l; E E [uf@a)|+5 E |>. E [uf0],0)]| |G b
& |2 0nTpo | S5 anml(0) 2 9~y , {7 anmh(0)
”ij,o G;INJPJ

(7
1 1
=E { E (> Yiul+s E D Zy E | Y Zi| | Gl (since (I8))

S |0~ e, 20/~ teTs 20/~ teTy
L1 XD
=5+ g 2 E @)D [ G (since (T9) and (21))
k=1 °P
L1 321
2 5+ g 2o 5 b (F G &) B[O | G oo, P (since (22))
k=1 " °° %
2B—b
L 1 1 & V3L )
22—‘_28%1;2'64‘ 1 (since (23) and (25)))
L ~10,.9/2
= 5 + 2 C \/Z,
which completes the proof. O

4.4 Proof of lower bound
Finally, we prove the theorem using Theorems [£.4] [1.6] and [£.7]

Proof of Theorem[4.1] Since the rewards for type 6 € © are determined by independent Bernoulli
random variables &, and therefore the expected reward obtained by the algorithm for each round
is equal to 1/2. Formally, since the algorithm’s decision 7!(6) is independent from u}(6, o) =
1 —ul(07,a1) = £(07)(t), the expected reward is

E
¢:€

E [ui(67, a)}] -E (73 (873 20)€(67) (1) + (1 — (67’5 a0)) (1 — £(67) (1))]

an~Ti(01)

DN | =

1
= mi (075 00) - 5 + (1= (675 0)) -
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We consider ¢ in the definition of untruthful swap regret such that ¢(6;,-) is the identity map for
every ¢; € ©;. By considering only the types in ©7, we obtain

i T
RI..1 > 0;,0)] — ‘o
EI wA__g_W%3§%§: %thwF [i(@o)) — BT aﬂ”

i T
Z:: { (01 7a)] - E(@’.’) [ul(el 7a)] }

a~7r 0” ant

Ce v 6%, |9 | yicon§

T
1 1
=E max E E E w0, )| | — 2 :7
Cé w 6 —)(") |@ | 9//€®llt 1 Oé’\'ﬂ't(’lﬁ(eu)) |: 74( (3 )] |®z| — 2

/
L i

Y B a1

greer t=1 o~ (W O)

~ 281485, |@"

M\»—t

where the last equality is due to |©]| = [©;]/2. By using ¢} . defined in Section [£.2| for each ¢ and
&, we obtain

Rolsle |l vy ool T
E[ US,Z]—QE A Z Z E [uz(l,a)] 4

(3 (€3 il greon t=1 aN’]'('f(w,C’&(eg/))
1 1 I
=3 X Bl 2 > E [ullo) -3
2 be(B] <’£ = 0/ e/ teT, “ HC/ACHD)
B L
=3 B Ql@o) ||| -2 (26)
b"’[B] C § |0~ @” e, ant (W}, (01))

For each b € [B], since (Jp) pefo,1}b-1 18 the equally sized partition of ©7, each term can be expressed
as

E (i (07, cv)]

E E
CE | 070 | fs el (W] (67)

=E E E E ul (07, )
CE | pefoaye-t |0/~ ;]awg(wgf(egf))[ {67, )]

= E E| E E w; (07, )] | | G &p1
Gk |G |00, t;awg(wg g(e;'))[z o))
peforpt Lo L - ’ -

1

= E |E|3,E B [ui(60],a)]

pfféé,ﬁl}fl _C’é | 0T Tvo | e o (Ve e (67)




4+ E Z E [uf(0F, )] | | Cos&p—1

- & |E|t E |E > E [ (67, )] | GG

E | E [uf (6, 0)] | G & by Ep-1

5 B
0/~ Ty |CE | (7 anmt (WL (01)

Conditioned on ¢, and &, all of J,0, Jp1, (7i)ieT;, and (ul)ic7; are deterministic. For taking
the expectation with respect to ¢ and £ conditioned on (; and &, we need to consider only the
randomness of ¢ ((6;'). From Theorem {.6} . Ui ¢(07) is distributed uniformly over I, for each

07 € Tpo. Slmﬂarly, wg E( ") is distributed unlformly over I, for each 0/ € J,1. Therefore, the
above term can be expressed as

E| E E [uf (67, )]
e |or~or t;zawg(wg,g(ey)) o

1 1
= E |E 5 E E [ul(6],0)] +§ E Y E [u60)]] |G &
Cb»&b—;ﬁl &b ~Lyp, teT, a~Tt(6)) Zp teTy O £(05)
p~{0,1} o ~Tp.1

For each b € [B], ¢, &1, and p € {0,1}*71 let Fbco.6y_1,p De the event that

E E [r(0sa0)] - E ww,-;ao)]\ o] >
& te Ty 0:~Tpo0 0;~Ipa

00| b

Toward a contradiction, assume [E¢ ¢ [Ras Z} < 272, /Tlog, |©;|. From Theorem we have

Pry ¢, 60 10(Fbcyéo 1.p) = 1/8. Next, we apply Theorem to each b, (p, &—1 and p. If Fye, ¢, 1
holds, we apply Theorem with ¢ = 1/8. If Fy¢, ¢, ,p does not hold, since the assumption of

Theorem [£.7] always holds for ¢ = 0, we apply Theorem [£.7] with ¢ = 0. Then we obtain a lower
bound on the above term as

E |E E E [Uff(@g/,a)]

e KRR K = A

% i g Fr60) (547 P i) 3
b~[B],Cp,Ep—1,p~{0,1}071 2 b~ [B),CpyEp—1,p~{0,1}01 b 5
g b~[B ch,gbﬁpqovl}b,l (Fbcoro_1.0) L9724/,
§+ 2727V/L.
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Finally, substituting this into , we obtain

=2"%.B.\/T/B (since L =T/B)

which contradicts the assumption F¢ ¢ [RCSS 1} < 272, /Tlog, |©;]. Then there exist some ¢ and ¢
such that for the problem instance with parameter ¢ and &, it holds RES’Z- > 2728, /Tlog, |©;]. O

5 Smoothness and price of anarchy

In this section, we show lower bounds on the price of anarchy (POA) in Bayesian games via the
smoothness assumption. As in existing studies |[Roughgarden, [2015b, |Syrgkanis, [2012, Syrgkanis
and Tardos, 2013|, we make the following two assumptions throughout this section.

e Assumption 1: the prior distribution p € A(O) is a product distribution, that is, there exists
some p; € A(O;) for each i € N such that p(6) = [[;cny pi(6s).

e Assumption 2: the value of v;(#;a) does not depend on #_;. Under this assumption, we write
v;(0;; a) in place of v;(#;a) by abuse of notation.

These assumptions naturally hold when type 6; represents a preference or attribute of each player
i € N. We define the price of anarchy as follows.

Definition 5.1 (Price of anarchy of Bayesian games). Given an equilibrium class IT € A(A)®, its
price of anarchy is defined by

inf E
well GNP

E [vsw(b; a)]]
a~m(0)

POAn =

9.
QIE,; [gleaj( vsw( ,a)]

where vsyw: © x A — [0, 1] is the social welfare function.

Most of the existing studies considered the case where 11 is Bayes Nash equilibria. There are
several exceptions |Caragiannis et al., 2015, Hartline et al., [2015] in which II is some class of Bayes
coarse correlated equilibria, but their applications are limited (see Section . Throughout this
section, IT is the set of (non-approximate) communication equilibria with strategy representabil-
ity. As described in Sections [2| and [3] an equilibrium in this class can be efficiently computed by
simulating no-untruthful-swap-regret dynamics.

We prepare a lemma that is commonly used in all three cases. The proof is based on the ones
provided by Roughgarden|[2015b], |Syrgkanis|[2012], Syrgkanis and Tardos|[2013], but we here extend
them from Bayes Nash equilibria to communication equilibria with strategy representability. We
use the characterization of this class given in Theorem [2.18]
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Lemma 5.2. Suppose that a Bayesian game satisfies Assumptions 1 and 2. Fiz any i € N. Given
any a;-kﬁ, . € A; for each 0 € © and a; € A;, it holds that

a

E

£, E [vi(0;;a)]

a~m(0)

E [vi(9z‘;a;9,apa—i)]” )

> E | E
O~p |0/ ~p | a~m(0)

where ™ € A(A)® is any communication equilibrium with strategy representability.

Proof. Let m € A(A)® be any communication equilibrium with strategy representability. From
Theorem [2.18 there exists ¢ € A(S) that satisfies (o) = 7 and for each i € N,
Y: ©; — Oy, and ¢: ©; x A; — A;. Recall that n: A(S) — A(A)® is defined as (n(c))(0;a) =
Pry.,(s(#) = a) for each § € © and a € A (see Section [2.1)). Since 7(c) = m, the expected payoff
for player ¢ in this equilibrium is

E
O0~p

E [’Uz‘(9z‘;a)]] =E {E [Ui(0i§3(0))]:|~ (27)

a~m(0) O~p | sS~O

Next, we apply (ICcomsg]) for each i € N. Fix any ¢’ € ©. If we set 1(6;) = 6, for each 6; € ©; and
#(0s,a;) = af 610" ).a; for each 6; € ©; and a; € A;, then (ICcomsr|) implies

E [E [wwi;s(a))}] > E {E [w(ei;azwi,efi>,5i<e;>»5—i<9—i>>ﬂ'

O~p |S~O O~p [s~0

By taking the expectation over ' ~ p, we obtain

E [E [vi(ei;s(e))]} > E [E [E (00305 0,0 ¢>,szv<e;>v5i<9i)>m~

O~p | S~O 0'~p [O~p [s~O

Since p is a product distribution, we can swap 6_; and ¢’ ; on the right-hand side and obtain

B [E [Ui(gi;s(e))]] > E [E []E [vi(&;af,e,si(eg),si(ﬁ/_i))}”.

O~p | S~O O~p [0/ ~p | S~O

By plugging this inequality into , we obtain

E E [v(0;a)]| > E | E | E |vi(05a . o, s—i(0;
op a~7r(9)[ (0r; ) o~p |:0’~p Lw[ (053 350,500 5~ ))H]
=E | E E |vi(0i;0504,,0- ;
£ 1E aww,)[ (055 ai g a, )]”

where the equality holds since the distribution of s(6’) equals that of a ~ w(8’) due to 7 = n(o). O

5.1 POA bounds for the sum of payoffs

First, we assume that the social welfare is the sum of all players’ payoffs, i.e., vsw (0; a) = >, 5 vi(0i; a).
Under this assumption, Syrgkanis [2012] proved a POA lower bound with (unconditional) smooth-
ness, and |Syrgkanis and Tardos [2013] then extended it to a weaker version of smoothness, called
conditional smoothness.
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Definition 5.3 ((\, 1)-Conditional smoothness of Bayesian games [Syrgkanis and Tardos, [2013]).
A Bayesian game is (A, u)-conditionally smooth if there exists some a} € A; for each ¢ € N,
0 € ©, and a; € A; such that

i,0,a;

D 0il0507 .0, ai) > A maxvsw (6; a’) = posw(6; a)
iEN

holds for any # € © and a € A.

Syrgkanis and Tardos [2013] introduced conditional smoothness for analyzing the POA of Bayes
Nash equilibria. We extend their POA bounds to communication equilibria with strategy repre-
sentability. Note that if (unconditional) smoothness is assumed, Theorem can be proved for
a broader class of Bayes coarse correlated equilibria. However, even under the (unconditional)
smoothness assumption, the following proof requires both the incentive constraints for communica-
tion equilibria and strategy representability.

Theorem 5.4. Assume that the social welfare is the sum of all players’ payoffs. For any (u, \)-
conditionally smooth Bayesian game satisfying Assumptions 1 and 2, the price of anarchy of com-
munication equilibria with strategy representability is at least A/(1 + ).

Proof. Let m € A(A)® be any communication equilibrium with strategy representability. By taking
the summation of Theorem [5.2] over i € N, we obtain

E E [vsw(8;a)] Z E [vi(0i; a)] (due to the assumption)
O~p | a~m(0) zENHNp awﬂ'(e)
= I U’L(leaz N a*i)
= [ [ 2 ]
> E | E E [)\maxvsw(ﬁ a) — MUSW(H;a)H]
O~p |0 ~p ar~m(0) e A

(due to conditional smoothness)

E [osw(f; a)]” : (28)

=\E {mavaW(G;a’)] —n E
'eA a~m(0)

E
O~p |a'E Orop |0/~p

As in the proof of Theorem we use 0 € A(S) defined in Theorem By using the assumption
of vsyw, we obtain

E
O0~p

- F [E [IE [vsw(a;s(el))]”

0'~p |a~m(0")

E [ E [vsw(9;a)]]

- ZN E [M [N 105 sw’))]H
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where in the last equality, 6 ; is replaced with 6_; since p is a product distribution. Next, we apply
(ICcomsr) for each i € N. Fix any 0 € ©;. If we set ¢(0;) = 0, for any 6; € ©; and ¢(0;,a;) = a;
for any 0; € ©; and a; € A;, then (ICcomsrl|) implies

B | B n0ss@)] 2 £ | B [ s0-0)].

O~p | S~O O~p [s~0

By taking the expectation over ¢, ~ p;, we obtain

5 [ o] = B [ 6 o). 0-)]

O~p |50 Oi~pi LO~p LS~O
By plugging this inequality into , we obtain

i Ly}gp[ E [vsw(9§a)]” <> E

O~p a~m(0") ieN O~p

B 50| = &

E [vsw(6; a)]] -
a~m(6)

From , we obtain

E

O~p | arm(0) Orp a'€EA O~p | a~m(0)

E [vsvv(H;a)]] >AE [maxvsvv(H; a’)] —u E

E [USW(@,G)]] )

and then rearranging terms leads to a desired lower bound on the price of anarchy. O

Remark 5.5. In the proof of Theorem [5.4] (and also in the proof of Theorem[5.2)), we use (ICcomsr])
only for constant map . We can prove the same POA bound for the equilibrium concept with

restricted to constant maps, which is broader than communication equilibria with strategy repre-
sentability. However, since each player ¢ € N knows their type 6; by definition, the equilibrium
concept in which each player ignores their type is artificial.

5.2 POA bounds for conditionally smooth mechanisms

Next, we consider applications to mechanism design. Since it is not the focus of this paper, we
do not introduce mechanism design in details. See, e.g., [Nisan et al. [2007, Chapter 9| or Hartline
[2013] for basics of mechanism design and Syrgkanis and Tardos [2013] for smooth mechanisms.

A mechanism (for auctions) is regarded as a function that maps type reports (bids) a € A
from players to an allocation and payment. Let X; be the set of allocation for player ¢ € N and
X C Hie ~ Xi the set of all possible allocations. An allocation function f;: A — X; for each i € N
determines the allocation for player ¢ based on the bids a € A. We can consider the process of
mechanisms as a game in which each player decides a bid a; € A; and then obtains a payoff based
on the allocation and the payment. We assume that each player’s utility function v; is quasilinear,
i.e., there exist some valuation function v;": ©; x X; — [0, 1] and payment function v; : 4 — [0, 1]
such that

vl 0) = vF (04 fi(a)) — v (a).
An important assumption here is the payment function depends only on a, not on ;. This assump-
tion naturally holds because the payment is determined by the mechanism that does not know each
player’s type. We also assume that the payoff of each player is always non-negative, i.e., v;(6;;a) > 0
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for any a € A. This should hold because each player can withdraw from the mechanism if the payoff
is negative. The social welfare function is defined as vsw(6;a) = Y ,c v v (6;; fi(a)) for each § € ©
and a € A.

Syrgkanis and Tardos [2013| proved that various simple Bayesian mechanisms and their simul-
taneous/sequential compositions are conditionally smooth.

Definition 5.6 ((\, p)-Conditional smoothness of Bayesian mechanisms ISyrgkanis and Tardos|,
2013]). A Bayesian mechanism is (A, u)-conditionally smooth if there exists some af, € A; for
each i € N, 0 € ©, and a; € A; such that

Zvl(el,azeal ) > )\Igleaxz (035 x;) ,qui_(a)

1EN iEN 1EN

1,0,a;

holds for any # € © and a € A.

Syrgkanis and Tardos| [2013]| proved a A/ max{l, x} lower bound on the POA of Bayes Nash
equilibria with this assumption. We extend it to communication equilibria with strategy repre-
sentability.

Theorem 5.7. For any (u, \)-conditionally smooth mechanism satisfying Assumptions 1 and 2, the
price of anarchy of communication equilibria with strategy representability is at least A/ max{1, u}.

Proof. Let m € A(A)® be any communication equilibrium with strategy representability. By sum-
ming Theorem [5.2 for each i € N, we obtain

E E (4 91‘;@ > E E U; (9 7a’z a; CL_')
b~p | a~r(6) LZ]:V (63 a) ] b~p | Oimp | amm(0) Z%:\, T Tfa B
> E | E E |Amax Yy vl (0i;7;) s v;
(due to conditional smoothness)
=AE |max )y o (0;2;)| —p E v,

=AE [maxvsw(Q; a)] -
O~p a€A

LZNv H-

9~p

Since v;(0;;a) = v;" (0;; fi(a)) — v; (a) for each i € N, we obtain

e[S

a~m(9) |ien

E [ E [vsvv(e;a)]] >AE [maxvsww;a)} F(-p) E
O~p | a~m(0) O~p | a€A O~p

If 4 < 1, the second term on the right hand side is non-negative, and therefore, the POA is at

least . If p > 1, since v;(6;;a) = v (6;; fi(a)) — v; (a) > 0, the second term on the right-hand
side is bounded below by (1 —p)Eg~, [ESNU [vsw (0; 5(9))]], which implies a A\/p lower bound on the
POA. O
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Syrgkanis and Tardos [2013| also proved a similar result for weak smoothness and budget con-
straints. We can generalize our proof to these settings and obtain POA bounds for more various
mechanisms. These results yield lower bounds on the POA of communication equilibria with strat-
egy representability for the simultaneous and sequential composition of first-price, second-price,
all-pay, and many other auctions.

Remark 5.8. In applications to auctions, a type 6; represents a valuation of an item for player
i, and an action a; € A; represents a bid for this good. The sets of possible values ©; and A;
are usually continuous intervals. Our proposed algorithm for computing an equilibrium does not
assume any structure for ©; and A; and requires polynomial time in |0;| and |A;|, which might be
prohibitive. A naive solution to this issue is to discretize ©; and A;. Another possible solution is
to design an efficient algorithm using the continuous structure of ©; and A;, which is left for future
work.

5.3 POA bounds for type-dependent action sets

We consider the case where the set of actions for each player changes depending on their type. Here
we briefly describe how we can extend the concepts introduced so far and then provide a lower
bound on the POA.

The set of actions for type 6; is restricted as A;9, C A; for each i € N and 0; € ©;. The set
of strategies S; C AZ-@” is also restricted so that s;(6;) € A;p, holds for each i € N, 6; € ©;, and
s; € S;. The utility function is defined as v;(0;-): [[;,cn Aip, — [0,1] for each i € N and 0 € ©,
but here we still assume that v;(0; a) = v;(0';a) for any a € [[;cy Aig, N [L;en Aipr if 6; = 6;. The
definition of approximate communication equilibria is generalized as follows.

Definition 5.9 (e-Approximate communication equilibria for type-dependent action sets). For any
e > 0, a type-wise distribution 7 € A(A)® such that the support of m(6) is a subset of [],cy Aip,
for each 6 € © is an e-approximate communication equilibrium if for any ¢ € N, ¢: ©; — 0;, and
B(0:,-): Ao,y — Aip, for each 0; € O, it holds that

E

£ E [vi(0;a)]

a~(0)

> E

= E [vi(0; ¢(0;, ai),a—;)]| — e
O~p

a~m((0:),0-:)

The definition of strategy representability is also generalized with restricted strategy profiles
S = [l;en Si- Our proposed dynamics and algorithm for minimizing untruthful swap regret are
naturally extended to this setting.

Roughgarden| [2015b] and [Syrgkanis [2012] assumed wuniversal smoothness of Bayesian games
with type-dependent action sets. This condition holds in routing gameﬁ [Roughgarden, 2015b),
Syrgkanis|, [2012] and Bayesian effort games |Syrgkanis, 2012|. Here we consider its conditional
version, which is an assumption weaker than universal smoothness.

Definition 5.10 ((\, p)-Universal conditional smoothness of Bayesian games). A Bayesian game
is (A, p)-universally conditionally smooth if there exists some a7, , € A;p, for each i € N, 6 € O,
and a; € A; such that

Z 0i(0;074,,0-i) 2 A max  vsw(0;a’) — posw(8'; a).
iEN QIEHiGN Ai,Gi

“Precisely speaking, we need to consider the minimization version in which each player minimizes their cost instead
of maximizing their payoff. A similar result can be obtained by the same proof.
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holds for any 6,6" € © and a € A with a; € A, g, for each i € N.

We can generalize Theorem to this setting and apply this smoothness inequality to its
summation over i € N. We also assume that the social welfare is payoff-dominating, i.e., vsw(0;a) >
Y icn vi(0;a) for each § € © and a € A such that a; € A;, for each i € N. Then we obtain

>N E

E [ E [vsw(6;a)] o

O~p | a~m(6)

E [vsw(?; aﬂ] :

max  wvsw(f;ad)| —p E
a~m(0")

aleniel\l Ai,Gi 0'~p

which leads a A\/(1 + p) lower bound on the POA of communication equilibria with strategy repre-
sentability.

6 Concluding remarks

We have studied the classes of Bayes correlated equilibria from the viewpoint of efficient com-
putability and the price of anarchy. We proposed dynamics converging to communication equilibria
with strategy representability and showed how to simulate the dynamics efficiently by designing
an algorithm for minimizing untruthful swap regret. We also proved a lower bound on untruthful
swap regret that matches the upper bound up to a multiplicative constant. The price of anarchy of
communication equilibria with strategy representability was analyzed via the smoothness argument
that has been applied to Bayes Nash equilibria.

The problem of efficiently computing an approximate strategic-form correlated equilibrium is left
unsolved. An approach to this problem is to design an efficient algorithm for minimizing strategy
swap regret. Although the number of possible swaps ¢sp: S; — S; is doubly exponential, we can
reduce this number by considering the simplicity of the intrinsic decision space X. In the opposite
direction, it might be possible to prove a superpolynomial lower bound on the query complexity. It
is still difficult for us to judge which direction is more promising.

Another possible direction for future work is to investigate relations between communication
equilibria and Bayesian mechanism design. The only difference between them is whether a me-
diator sends recommendations to players or determines an outcome in a top-down fashion. This
combination may bring new possibilities for Bayesian mechanism design. For example, we proved a
POA lower bound for smooth Bayesian mechanisms, but its consequence is still unexplored. A com-
munication equilibrium of a mechanism provides another mechanism with a truthtelling equilibrium,
but we do not know its appropriate interpretation.
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A On conditional independence property

In this section, we show the difference between the strategy representability and the conditional
independence property. The conditional independence property was mentioned by [Forges| [1993] as
an important property that holds for SFCEs and ANFCEs.

Definition A.1 (Conditional independence property). Let 7 € A(A)®. We consider a joint distri-
bution in A(© x A) that first generates 6 € © according to p and then generates a € A according to
m(6). We say m satisfies the conditional independence property E if a; is conditionally independent
of 8_; given 0; for each i € N.

5Tt is originally defined as a property of a joint distribution in A(© x A), but we can consider a joint distribution
in A(© x A) and a type-wise distribution in A(A)® interchangeably. For each 7 € A(A)®, the corresponding joint
distribution in A(© x A) is uniquely determined. Conversely, for any joint distribution whose marginal for 6 coincides
with p, we can uniquely determine the corresponding distribution in A(A)e.
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As [Forges| [1993| claimed, this property holds for any strategy-representable distribution. Al-
though it was not claimed explicitly, this property is not equivalent to the strategy representability.

Proposition A.2. If 1 € A(A)® is strategy-representable, then m satisfies the conditional in-
dependence property. On the other hand, there exists m € A(A)® that satisfies the conditional
independence property but not the strategy representability.

Proof. First, we show that the strategy representability implies the conditional independence prop-
erty. Assume there exists o € A(S) such that 7(6;a) = Prs, (s(0) = a) for each § € © and a € A.
To prove the conditional independence property, it is sufficient to prove the conditional indepen-
dence of a; and 6_; given 6; for any i € N, § € ©, and a; € A;. Using the strategy representability
of 7, we obtain

Pr (' =0, a, =a;) Pr (0, =06;)

0'~p 0'~p
a'~m(0")
= 0) Pr (a,=a;)| Pr (0 =0,
(o0) ,Pr (et =a)) pr (6 =6
= p(0) Pr (si(0;) = a;) 6?Pr (0; = 06;) (from the definition of o)
s'~o '~p
= p(0) Pr (si(0;) = ai, 0; = 0;)
9/’~p
= p(6) efr (si(0) = a;, 0. =0;) (since s;(0%) can be replaced by s}(6;) when 6, = 0;)
~p
= p(6) efr (a; = a;, 0, =0;). (from the definition of o)
~p
a'~m(0")

Dividing both sides by (Prg,(6; = 6;))?, we obtain the conditional independence of a; and 6_;
given 6;:

Pr (9’_1 = 971', a; = a; | 0; = (91) = Pl" («9/_2 = 972' | 9; = 91) ]/?I" (ai = a; | 9; = 91)
a’~m(0") a’i:(%’) a’erv:(%’)

Next, we show the existence of an example that satisfies the conditional independence property
but not the strategy representability. We consider 7 € A(A)® described in Theorem again
(see Figure . Since we already proved that this 7w is not strategy-representable, it is sufficient
to show that 7 satisfies the conditional independence property. It can be verified by considering
the distribution conditional on each player’s type. If the first player’s type is 61, the conditional
distribution of the first player’s action and the second player’s type is the uniform distribution on
Aj X ©29, hence conditionally independent. This is also the case for 6]. Since the definition of 7 is
symmetric for two players, we can conclude that 7 satisfies the conditional independence property.
O

B Algorithm for minimizing strategy swap regret

Here we propose an algorithm for minimizing strategy swap regret Rss; for an online learning
problem with stochastic types.
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Algorithm 4: Algorithm for minimizing strategy swap regret

Input: The set of types ©; and the set of actions A; are specified in advance. The reward
vector u} € [0,1]9*4i is given at the end of each round ¢ € [T].

Let &, 9, be a multiplicative weights algorithm with the doubling trick [Cesa-Bianchi et al.l
1997, Section 4.6] with decision space S; for each 0; € ©; and s; € S;;

for each roundt=1,...,T do

Let z;’ai € A(A;) be the output of &, ¢, in round ¢ for each s; € S; and 0; € Oy;

Define P! € [0,1]%>% by P!(s;,s!) = [1,co, zzg’gi(si(@-)) for each s;, s, € S;;

Compute of € A(S;) such that P'o! = o! by eigenvector computation;

Let 0! be the output for round ¢;

Observe reward vector ut € [0,1]9%4

i and feed the reward vector @} _, € [0, 1]4

defined by ﬂ;’ai(ai) = ol(s;)ul(6;, a;) for each a; € A; to subroutine &, g, for each
s; €5, 0; € O

end

Since strategy swap regret Rss ; is swap regret when S; is regarded as the decision space, we can
apply the swap regret minimization algorithm proposed by [Blum and Mansour| [2007]. The direct
application leads to an upper bound of O(+/T'|S;|log |S;i| + |S:i|log|S;i|) on the strategy swap regret.

Their algorithm reduces swap regret minimization to |.S;| external regret minimization problems
with decision space S;. In the case of strategy swap regret, we can further reduce them to |S;||©;|
external regret minimization problems with decision space A;. As a result, we obtain an upper
bound of O(\/T|S;|log|A;|+ |Si|log | A;|) on the strategy swap regret, which is slightly better than
the above bound. Since |S;| = |4;|!®, this bound is still exponentially large in the number of types
|©;]. Moreover, the algorithm uses exponentially many subroutines, which require exponential time
computation for each round. It is open whether there is an efficient algorithm with strategy swap
regret sublinear in 7" and polynomial in n, |4;|, and |©;]. If it exists, we can compute an e-SFCE
in polynomial time by simulating the dynamics.

The reduction proceeds as follows. Let &, g, be the multiplicative weights algorithm with the
doubling trick |Cesa-Bianchi et al., 1997, Section 4.6] with decision space A; for each §; € ©; and
s; € S;. In each round ¢ € [T, each subroutine &, o, outputs Z;,Gi € A(A4;). From these outputs, we
define the stochastic matrix P' € [0,1]%5 by P'(s;, s}) = [],.co, Zﬁ;,gi(sz’(@')) for each s;, s € S;.
Since each P! € P is a stochastic matrix, we can compute its stationary distribution o! € A(S;)
that satisfies P'o! = of, and let of be the decision for round ¢. Then feed the reward vector
ﬂi’i,@i € [0, I]Ai defined by aéiﬁi (a;) = ol(s;)uk(6;,a;) for each a; € A; to subroutine &, g, for each
si €8;,0; € ©;. Let

T T
T ~1 t ~t
Rsiﬂi = gleali(i Z usi,Gi (al) - Z Z 281,92‘ (ai)usiﬂi (al)
t=1

t=1 a;€A;

be the external regret of &, ¢, for each s; € S; and 0; € ©;. Then strategy swap regret Rgs’i equals
the sum of the external regrets as follows.

Lemma B.1.

T T
Rss; = Z pi(0:) R, o.-
07;691' SiESi
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Proof. Recall that the strategy swap regret is defined as
T

We analyze the first term and the second term separately. The first term is

~pPq SZNO't

T
RgS,i: max Z E [E [uf (03, (dsF(s4))

osp: Si—S; =1 Oi~p; | s;~ot

(91',81'(90)]] :

T

max E
s Si—S; —1 Hini

T
=, max SN i) D ot(si)ul(s, (dsr(s:)(65))

E, [} (65, (¢SF(Si))(9i))]]

t=10,€0; S;€S;
= ¢SFI}1§£S Z Z pi(0; Z tg, o, ((PsF(s:))(0:)) (from the definition of fﬁ;i’ei)
t=10,€0; S;€S;
T
=2 i) D max ),
0,€0; Szesz t=1

where the last equality holds because (¢sg(s;))(0;) can be optimized separately for each s; € S; and
0; € O©;.
The second term is

T
>z, [ 2 s

T
=D pil0) > ol(si)ub(0:,54(05))

t=16,€0; 5;€85;
T
=30 pil6s) Y P(si, ot (sh)ui(6:, 5:(6:)) (since P'oy = o)
t=10,€0; s5i,5,€5;
T
= Z pi(6;) Z ol(sh) H zé;ﬁ;(si(ﬁg))ug(ﬁi, si(6;)) (from the definition of P?)
=1 0,€0; 5i,5L€8; 0/co,

T
_ Z pi(6 Z H Lo (s5(6 t /0, (s:(65)) (from the definition of &Zhai)

t=16,€0; s5i,5,€5; 0/€0;

T
=>_ 2 ) Y > | XTI #alsi0)) | @0, (a)
sieS; a;i€A;

t—1 0,€0; €5 0l€O;
si(0:)=a;
T
:Z pi(0 Zz, azu/ ().
t=16,€0; sieS; a;i€A;
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Finally, we obtain

T T
Rés;= > pi6:) Y maxy il g(a) =D > pilf 2L g (i)l g (a;)
0,€0; si€8; =1 t=10,€0; szeS a;€A;
T T
= Z pi(0:) Z meaji aii,ei(‘%) - Z 25,0 (a;)tg, g,(a;)
0,€0; sies; | 5= t=1 a;€A;
= Z pz(@) Rz;@i. O

(91661» SiESi

By applying Theorem (an upper bound for the multiplicative weights with the doubling
trick), we obtain an upper bound on strategy swap regret.

Theorem B.2.

Rss; < 6+/T'|S;|1log |A;| + 2|S;|log | A;|.

Proof. Since the total reward of each action a; € A; for &, 9, is bounded above as Zthl agiﬂi (a;) =
ST ot (si)ub(8i,a:) < 31, ot(si), we can obtain an upper bound on the external regret

T
RL ZO’ (si)log|A;| + 2log | A,

si,0i
t=1

By summing this upper bound for all §; € ©; and s; € 5;, we obtain

R, = > pi(6:) Y RL,

0,€0; SZ‘ESZ'
T
<Y pil0) ) Z si) log | As| + 2log [ A
0;€0; ERSY t=1
T
< 5 i) 46,15 0 3 ok(s0) o |4 + 218 1o 4
0,€0; 5;€8; t=1

(by the Cauchy—Schwarz inequality)

= Z pi(6;) {6\/T\SZ-] log | 4;| 4 2]S;| log |AZ]} (since Y-, g 07(si) = 1 for each t € [T))

0,€0;

C On linear swap regret minimization

Mansour et al| [2022| defined linear swap regret for online linear optimization with a polytope
constraint as follows.

Definition C.1 (Linear swap regret [Mansour et al.,[2022]). Let P C R? be a polytope and M(P)
be the set of all valid linear transformations, where a linear transformation M : R — R? is defined
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to be valid when Mz € P holds for all x € P. For online linear optimization with reward vector
a' € [0,1)? for each t € [T] and feasible region P, linear swap regret is defined as

T

RT — M t oSty t ~t
= it 2 (23 ),

where 2t € P is the algorithm’s output in each round ¢ € [T.

Mansour et al|[2022] defined linear swap regret for a general polytope but focused on a special
case of P = X with applications to two-player Bayesian games. Recall that X = {x € [0,1]®*4 |
> aen, (0ia;) =1 (V0; € ©;)} is the set of vectors that represent each m; € A(A;)®:.

Here we show that linear swap regret minimization with P = X can be reduced to untruthful
swap regret minimization. Note that they propose an algorithm for minimizing linear swap regret
in this special case (Algorithm 2 in their paper), but focused on guarantees on the Stackelberg value
and did not provide any rigorous upper bound on linear swap regret.

The following proposition claims that all valid linear transformations can be expressed by some
Q@ € Q, which represents a linear transformation for untruthful swap regret. Recall that Q is defined

by @

Proposition C.2. For any M € M(X), there exists some Q € Q such that Mx = Qx holds for
any xz € X.

Proof. Fix any M € M(X). We construct @ € Q such that Mx = Qzx holds for any = € X.

Since M is a valid linear transformation, Mx € X holds for any x € X. We use this fact
for 2,22 € X defined as follows. Fix any 0, € ©; and a},a? € A;. Define z(#),a}) = 1 and
z(0,a;) = 0 for any other a; € A; \ {a}}. Similarly, let 2%(0},a?) = 1 and 2%(0},a;) = 0 for any
other a; € A; \ {a?}. The other entries of ! can be defined arbitrarily, and the other entries of 22
are set to be equal to z'. That is, for any 6; € ©; \ {0}, we must have x(6;,a;) = 2%(0;, a;) for
any a; € A;.

Now we use Mz! € X and Mz? € X. For each 0; € ©;, we have

> (Ma)(6i,a:) =1 and Y (M2?)(0;,a:) = 1,

a; EAi a; EAZ'

which implies

> (M(z' = 2))(6;,0;) = 0.

a;€A;
Since (z! —22)(0},a}l) = 1, (2! — 2?)(#),a?) = —1, and the other entries of x! — 2% are 0, we obtain
Z M((ela ai)a (9;, azl)) = Z M((eh ai)7 (0;7 a?))
aiEAi dieAi

Since this holds for any pair of a},a? € A;, there exists some value W (6;,6!) € R for each 6;, 0. € ©;
such that

> M((05,a:), (6], a}) = W (6;,6})

aiGAi
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for any a; € A;. Moreover, by using Mz € X for each z € X, it holds that for any 0; € ©,,

1= Z (M:E)(@l,al)

a;EA;

= Z Z Z 1, z ez;az) (9;7 z))

a;€A; 0/€0; aleA;

= Z Z l,aé) Z M((0;, a;), 27 1))

0/€O; aleA; a;EA;

= > > w(0],a}) p W(0:,6;) (from the definition of W (6;, 6}))
9,{-691‘ a;EAi

= Z W (6;,0.). (since x € X))
9;691'

If every entry of M is included in [0, 1], then the proof is finished, but this does not necessarily
holds. We show that we can achieve M € Q by shifting each entry of M without changing Mx
for every x € X. Fix any 6, € ©; and a; € A;, and we focus on the row M ((6;,a;), (-,-)). For any
0 € ©;, we define a; € argmaxy c 4, M((0;, ai), (07, a;)) and a? € argming e 4, M ((60;, a;), (6, ;).
We reuse the above definition of #! and z? with these new a} and a?. Since (Mz')(6;,a;) and
(Mx2)(6;,a;) are included in [0, 1], we have

max M((6;, a;), (6}, a})) — min M((6;,a,), (6}, })) € [0, 1] (30)

a,€A; a,€A;

If we set (0, a;) = 1 for some a; € argmax,/c 4, M ((0;, a;), (6}, a;)) for each 0; and set 0 otherwise,
(Mx)(0;,a;) € [0,1] implies

max M((6;, a:), (6;, 7)) € [0, 1]. (31)
ASCH (A
Similarly, we can obtain
min M((0;, a;), (0, a;)) € [0,1]. (32)
a,€A;
0/cO;

177

and subtract C from all entries M ((0;,a;), (6/,-)), the value of (Mx)(0;,a;) does not change. If we
denote this shifted matrix by M’, this fact can be checked as

For any 0/,0/ € ©;, even if we add an arbitrary value C' € R to all entries M ((6;,a;), (6.,"))

(M'z)(0;,a;) = (Mx)(0;,a;) + Z Cxz(0;,a}) Z Cz(0!,a,) = (Mz)(0;,a;).

aGA aGA

Now we consider shifting the entries of M and obtain M’. Fix any 6 € ©;. For ¢, € ©; \ {0},
we define all entries M'((0;,a;), (0%,-)) by

M'((05, ), (67, ai')) = M((05, i), (0, a)) — min M((0;,a:), (6], a;))

ai€A;
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for each a! € A;. For 6}, we define

M'((6:,a:), (67, a)) = M((6:, i), (6F,a))) + ) Juin M((0;, ai), (67, a7))

0/co\{o:} "

for each a! € A;. Note that the sum of shifts is 0, and therefore, Ma = M'x for every z € X. We
check that all the entries of M’ on this row are included in [0,1]. For ¢, € ©; \ {6}, all entries
M'((0;,ai), (0;,-)) are included in [0,1] due to (30). For 6}, the largest entry is

max M'((6;,a;), (67, af)) = max M((6;,a), (67, a()) + Y min M((6;,a:), (6], a}))

af€A; ai€A; 61O {07} a;cA;
< > max M((6;, az), (67, a7)) € [0,1]
orcon (o7} i
due to . The smallest entry is
min M'((0;, i), (07, 7)) = min M ((6;, ai), (6, a;)) € [0,1]
GQIGAZ' 0co, a; reA;

due to (32). Therefore, all entries of M’ on this row are included in [0, 1].

We can apply the same shifting operation to all rows of M and denote the obtained matrix
by @. All the entries of @ are included in [0,1] with Qx = Mz for every z € X. From its
definition, W (6;,0.) is the sum of non-negative values, hence non-negative for each 6;,6; € ©;.
Since Ze;e@i W (6;,0;) = 1, each W(6;,0) is at most 1. Therefore, @ satisfies all the constraints
for Q, and we have ) € Q. O

By using this proposition, we can reduce linear swap regret minimization to untruthful swap
regret minimization as

T

T
Rls = mae,) > (Ml a') = (@ a')) =g ) ((@Qa ) - o),

which equals Rasﬂ. from Theorem

D On Bayes coarse correlated equilibria

Here we briefly present definitions of Bayes coarse correlated equilibria for comparison with Bayes
correlated equilibria. As with SFCEs, we can define coarse correlated equilibria of the strategic form.
In an equilibrium of this class, each player ¢ € N does not have incentive to ignore recommendation
si € S; and stick to any strategy s, € S;.

Definition D.1 (Strategic-form coarse correlated equilibria (SFCCEs)). A distribution o € A(S)
is a strategic-form coarse correlated equilibrium if for any ¢ € N and any s, € S;, it holds that

E [E [vi(ﬁ;s(ﬁ))]] > E [IE [vi(0; 5(6:), 5-4(0—4))]

O~p | S~O O~p |s~o
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Table 2: A Bayesian game for which the set of SFCCEs and the set of ANFCCEs are different. The
left table is the payoffs for player 1 with type 61, and the right table is the payoffs for player 1 with
type 0}. The payoff for player 2 is always 0.

Similarly, we can define coarse correlated equilibria of the agent normal form. In an equilibrium
of this class, each hypothetical player (i,6;) € N’ does not have incentive to stick to any action
a; € A;. [Hartline et al.| [2015] proposed dynamics converging to this class of equilibria.

Definition D.2 (Agent-normal-form coarse correlated equilibria (ANFCCEs)). A distribution o €
A(S) is an agent-normal-form coarse correlated equilibrium if for any i € N, 0, € ©;, and a] € A;,
it holds that

B |l B 16050 2 & [0y B [0i6:ct5-06-0)
O~p v s~o O~p v s~o

The incentive constraints for ANFCCEs are imposed separately for each type ¢,. For (non-
coarse) ANFCEs, the separate constraints are equivalent to the total constraints (for the
non-approximate version, i.e., ¢ = 0), and the difference between SFCEs and ANFCEs comes from
the difference between deviation ¢gg: S; — S; and ¢: ©; x A; — A;. For SFCCEs and ANFCCEs,
there is no difference in deviations, but the total constraints for SFCEs and the separate constraints
for ANFCCEs are not equivalent. If we take the summation of the incentive constraint for ANFCCEs
over type 0, € ©;, we obtain those for SFCCEs by setting s}(6;) = a for each 6, € ©,. On the
other hand, the incentive constraints for SFCCEs do not imply those for ANFCCEs. Thus, the
set of ANFCCEs is a subset of the set of SFCCEs, which makes a striking contrast to the relation
of SFCEs and ANFCEs. A generalization of this relation for extensive-form games with imperfect
information was proved by [Farina et al. [2020]. Here we show this relation is strict even for Bayesian
games by presenting a simple example.

Example D.3. We consider a Bayesian game with two players. There are two possible types
for each player, and their types are completely correlated. More precisely, let ©1 = {0;,6]} and
Oy = {62,05}, and (61, 02) realizes with probability 0.5 and (6}, 65) with probability 0.5. Each player
has two possible actions A; = {a1,a}} and Ay = {ag,d}}, respectively. The payoffs for player 1
with each type are presented in Table [2l The payoffs for player 2 are always defined to be 0.

We consider a distribution o € A(S) that recommends two possible strategies s, s’ each with
probability 0.5. For (61,03), these two strategies are the same: both of s; and sy recommend ag
to player 1 and ag to player 2. For (],65), these two strategies are different: s;(67) = a} and
s2(0)) = ag, while §7(0]) = a1 and s4(05) = al. The expected payoff for player 1 is 0 for (01, 6)
and 1 for (07, 6,). The total expected payoff is 0.5.

First, we show that ¢ is an SFCCE by considering an optimal deviation for player 1. For 6,
selecting a) increases payoff to 0.5. On the other hand, for 0], selecting either of a1 or a} decreases
payoff to 0.5. In total, player 1 cannot increase the expected payoff. Since the payoff for player 2 is
always 0, this player never has incentive to deviate. Therefore, o is an SFCCE. On the other hand,
o is not an ANFCCE since player 1 with 6; can gain by choosing a.
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Caragiannis et al|[2015] and [Jin and Lu| [2023] used the following definition of Bayes coarse
correlated equilibria. This is similar to that of ANFCCEs, but defined on A(A)®, not on A(S). To
our knowledge, this class has not yet been given any specific name. A possible candidate is “coarse
Bayesian solutions” since this notion is a coarse variant of Bayesian solutions.

Definition D.4 (coarse Bayesian solutions). A type-wise distribution 7 € A(A)® is a coarse
Bayesian solution if for any i € N, 6. € ©;, and a, € A;, it holds that

E [lig—on E [vi(6;a)]| > E |1y,—n E [vi(0;a},a_;
bmp | 02}a~7r(9)[ ( )}] 0~p[ 16: el}aw(e)[ ( )
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